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Abstract. We consider models of random walk in uniformly elliptic 
i.i.d. random environment in dimension greater than or equal to 4, sat- 
isfying a condition slightly weaker than the ballisticity condition (T'). 
We show that for every e > and n large enough, the annealed probabil- 
ity of linear slowdown is bounded from above by exp ( — (logn)'*"'^) . This 
bound almost matches the known lower bound of exp (-C(logn)'^), and 
significantly improves previously known upper bounds. As a corollary 
we provide almost sharp estimates for the quenched probability of slow- 
down. As a tool for obtaining the main result, we show an almost local 
version of the quenched central limit theorem under the assumption of 
the same condition. 



1. Introduction 

1.1. Background. Let d > 1. A Random Walk in Random Environment 
(RWRE) on Z'^ is defined as follows: Let ^A'^ denote the space of ah prob- 

abihty measures on {±ei}f^i and let = (A^*^) . An environment is a 
point a; G r2. Let P be a probability measure on fi. For the purposes of this 
paper, we assume that P is an i.i.d. measure, i.e. 

for some distribution Q on A4'^ and that P is uniformly elliptic, i.e. there 
exist ry > s.t. for every neighbor v of the origin, 

Q{{u : uiv) < 7]}) = 0. (1.1) 

For an environment u £ i}, the Random Walk on a; is a time-homogenous 
Markov chain with transition kernel 

Pu; {Xn+i = z + e\Xn = z) = uj{z,e). 

The quenched law P^f is defined to be the law on (Z'^)^ induced by the 
kernel P^, and P^{Xo = z) = 1. We let P"" = P (g, P^ he the joint law of 
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ERG StG grant 239990. 

1 



2 



N. BERGER 



the environment and the walk, and the annealed law is defined to be its 
marginal 

Jn 

For simplicity, we omit the superscript when the walk starts from zero. 
We use the notations and W for the expectations with respect to the 
measures and P^. 

In [IT] and p4] , Sznitman and Zerner proved that the limiting velocity 

,. Xn 
V = lim 

n— >oo n 

exists almost surely. A remaining open problem, which is one of the most 
important problems in this field, is whether this limiting velocity is always 
an almost sure constant. 

We now introduce three important definitions: 

Definition 1 The RWRE is said to he ballistic if the hmiting velocity is a 
non-zero almost sure constant. 

Definition 2 The local drift at a point z is defined to be the (quenched) 
quantity 

ee{±e.}ti 

Definition 3 The RWRE is said to he plain nestling if zero is contained in 
the interior of the convex hull of the support of the random variahle A^^ (0) . 
It is said to he marginally nestling if zero is on the boundary of the convex 
hull of the support, and non-nestling if zero is outside the convex hull of the 
support. 

1.2. Large deviations for RWRE. In [T2] , Varadhan considered large de- 
viations for the sequence of random variables ^ under the annealed measure 
P. he showed that a large deviation principle holds with a rate function F, 
and identified the zero set of the function F. For the ballistic case with lim- 
iting velocity v, Varadhan showed that if the RWRE is non-nestling, then 
F~^{0) = {v}, while if the RWRE is plain nestling or marginally nestling, 
then F^^(O) = A, with A being the convex hull of and v. We note here 
that recently Yilmaz p]3] and Peterson [7] obtained more information about 
the structure of the rate function F. 

In other words, for every a ^ A and e > small enough. 



Xn 




a 




n 


oo / 



(1.2) 



decays exponentially with n, and for every a G ^4, ()1.2p decays more slowly 
than exponentially. (Note that the choice of the norm is completely 
arbitrary, since in our finite-dimensional space, all norms are equivalent) 
It is therefore natural to ask what the decay rate of (|1.2p is for a ^ A. 
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In the marginally nestling case, Sznitman [8] showed that there exist Ci 
and C2 such that 
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(1.3) 



for large enough n. In [8] Sznitman phrased (jl.3p in the language of bounds 
on the distribution of the first regeneration time. Nevertheless, the way 
it is presented here follows immediately from Sznitman's result using the 
appropriate large deviation estimates. 

1.3. Main goal. The purpose of this paper is to provide an estimate for 
the probability in (|1.2p in the plain nestling case under some additional 
assumptions which we specify below. 

1.4. Ballisticity conditions. In [9l [10] Sznitman introduced two criteria 
for ballisticity of the RWRE, which he called conditions (T) and (T'). In 
order to define these conditions, we need some preliminary definitions. 

Definition 4 Let i G S"^^^ be a direction in M'^. Let L > 0. For a sequence 
{Xn}, we define 

Tj^\{Xn}) = inf{n > : > L}. 

If no confusion may arise, we may omit i and {Xn} from this notation. 

Equivalently to Definition HI we also define the first hitting time of a set. 
Definition 5 Let A C jA.For a sequence {Xn}, we define 

TA{{Xn}) = mf{n >0 : XnGA}. 
Again, we may omit {Xn} when no confusion may arise. 

We now return to Sznitman's ballisticity conditions. We start by defining 
the condition (T^), < 7 < 1 as follows: 

Definition 6 We say that P satisfies condition (Ty) in direction Iq if for 
every i in a neighborhood of Iq there exists a constant C such that for every 
large enough L, 

P(t|^^^ < tP) < Cexp i-L^) (1.4) 

Definition 7 We say that P satisfies condition (T) if it satisfies condition 
(Ti). We say that it satisfies condition (T') if it satisfies condition (Ty) for 
some 7 > 1/2. 

In [To], it is shown that the conditions (r7)i/2<7<i are all equvalent. 
The connection between the conditions mentioned above and ballisticity 
lies in the following theorem and conjecture: 

Theorem 1.1 (Sznitman, [TO]) // condition [T') holds for some Iq, then 
the RWRE is ballistic, and the limiting velocity v satisfies (v,£o) > 0. Fur- 
thermore, in this case (T') holds for all i satisfying (v, £) > 
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Figure 1. A naive trap. In the shaded hall of radius Clogn 
around the origin all local drifts are pointing towards the 
origin, while outside the hall the local drift goes mostly to 
the right. If C is appropriately chosen, then this causes a 
linear slowdown. The prohahility that such configuration 
exists is exponential in (logn)'^. 



Remark: This result was recently improved by Drewitz and Ramirez [3]. 

Conjecture 1.2 (Sznitman) Condition (T') is equivalent to ballisticity. 

1.5. Known slowdown results. Let d>2 and let a 7^ v be in the convex 
hull of and v. Then for e > small enough, the following is known. 

Theorem 1.3 (Sznitman, [lOj) Assume that P is plain nestling, uniformly 
elliptic and satisfies condition {T'). 

(1) There exist C such that for n large enough 



n 



< e > e 



-C(\ognY 



(2) Leta<^. 



There exist C such that for n large enough. 



n 



< e < e 



-C{logn)° 



(1.5) 



(1.6) 



The easy bound in Theorem 11.31 is (jl.5p , which follows from the analysis 
of the so called naive trap (See Figure [1]) . 

1.6. Ballisticity under (T^). We prove the following result: 

Theorem 1.4 Assume that the dimension is at least 4- Fix 7 > 0. Under 
the assumption of uniform ellipticity, if condition (T^) holds for some io, 
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then the RWRE is ballistic, and the limiting velocity v satisfies (v,^o) > 0. 
Furthermore, in this case (T-f) holds for all i satisfying (v, £) > 

1.7. Main results. Our main result is the following theorem: 

Theorem 1.5 Let d > 4 and 7 > and assume that P is uniformly elliptic 
and satisfies condition (T^). Let a ^ v be in the convex hull of and v and 
let € > be small enough so that v is not in the closed e-neighborhood of a. 
Let a < d. Then for all n large enough, 



n 



< e < e 



-(logn)'= 



(1.7) 



Comparing Theorem 11.51 and (jl.Sp shows that the remaining gap between 
the upper and the lower bounds is quite small. 

Theorem 11.51 deals with the annealed probability of slowdown. However, 
one can deduce from it a quenched bound. 

Corollary 1.6 With the same assumptions as in Theorem ] 1.^ for every 
a < d, almost every lo and every large enough n. 
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Again, compare ([T 



n 



exp ((log n)" ^) 
to the known lower bound 

Cn 



{11 



< e > exp 



exp ((logn)'^ 



which is proven in [8j . Corollary 11.61 follows from Theorem 11.51 using the 
method developed by Gantert and Zeitouni in for transferring annealed 
slowdown estimates into quenched ones. This method was adjusted for the 
multi-dimensional case by Sznitman in [8] . The proof of Corollary 11.61 is 
identical to the proof of (5.45) in p], and will be omitted from the present 
paper. 

I. 8. Remark about lower dimensions. In this paper we only prove The- 
orem [L5] for dimensions 4 and higher. Here we discuss the situation in lower 
dimensions. 

For d = 1, the annealed slowdown probability was calculated by Dembo, 
Peres and Zeitouni in 1996 [3j and the quenched slowdown probability was 
calculated by Gantert and Zeitouni in 1998 [6]. These results give bounds 
that are significantly sharper than the bounds in Theorem 11.51 and Corollary 

II. 6[ Nevertheless, a comparison between the results shows that the estimates 
in the present paper are true for dimension 1. 

I conjecture that the results in this paper hold for dimensions 2 and 3. 
The difficulty in the proof occurs in Proposition 14.51 which is currently only 
proved for dimensions 4 and higher. In dimension 3 I expect that a more 
sophisticated version of the arguments in this paper should be able to work. 
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In dimension 2, Part [2] of Proposition 14.51 does not hold, and therefore a new 
proof idea is needed. 

1.9. Structure of the paper. In Section [2] we bring the definition of re- 
generation times as introduced in [11] . We then reformulate Theorem 11.51 
in the language of regenerations and get Proposition 12. 2i Then in Section 
[3] we introduce some very useful notation and give some basic definitions. 
In Section [J] we give a number of CLT type results. In particular, we give 
an almost local version of the quenched central limit theorem (Proposition 
14. 5p and a general lemma about sums of approximately Gaussian variables 
(Lemma I4.16p . In Section [5] we reformulate Theorem 11.51 as a statement 
about quenched exit properties from a large box. The first half of this con- 
struction is very similar to Sznitman's construction in [10]. Then in Section 
[6]we define an auxiliary walk {Yn} and explore its connection to the original 
walk In Section [7] we define an event regarding the walk {1^}, and 
in Section [8] we use all that information in order to prove the main result. 

1.10. Remark about the writing style. In order to avoid notational 
overload, language is abused in three ways in this paper: (a) the value 
of a constant C may change from one line to the next, (b) some of the 
inequalities in the paper only hold for n which is large enough without this 
being explicitly mentioned, and (c) for a probability measure fi on Z'^, we 
use the symbol -E^ for the expectation xfi{x). 

In addition we use the highly convenient notations from Computer Science 
0{n), o{n), Q,{n) and ^(n), whose meanings are as described in the table 
below. Note that Computer Scientists write a; rather than ^. However, due 
to the use of the letter a; for the environment in this paper, we use ^ as 
described below. 



Symbol 


Meaning 


k = 0{n) 


as the parameter goes to infinity, limsup - < oo. 


k = o{n) 


as the parameter goes to infinity, lim - = 0. 


k = n{n) 


^ — if 

as the parameter goes to infinity, lim inf - > 0. 


k = e(n) 


as the parameter goes to infinity, lim ^ = oo. 



For example, if we write f{N) = N~^^^\ we mean that as goes to 
infinity, f{N) goes to zero faster than any power of A^. 

Whenever the norm sign || • || appears without mentioning which norm we 
are referring to, we refer to the i°° norm on Z,'^. 

2. Regeneration times 

We first define the notion of a regeneration time. Our definition is slightly 
different from that given by Sznitman and Zerner in [11]. Nevertheless, all 
the lemmas that we quote from [lOj and pjj and collect into Theorem 12.11 
apply equally well to the definition below. 
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Definition 8 Let he a nearest-neighbor sequence in Z"', and let £ S 

S"^^^ be a direction. We say that t is a regeneration time for in the 

direction i if the following hold. 

(1) {XsJ) < {Xt,i) for every s<t. 

(2) {Xt+i,i) > {Xt,i). 

(3) {Xs,i) > {Xt+iJ) for every s > t + 1. 

Theorem 2.1 /[lll[lO]y Assume that P satisfies condition (T^) in direction 
Iq for some 7 > 0. Then 

(1) with probability 1, there exist infinitely many regeneration times. We 
call them ri < T2 < . . . . 

(2) The ensemble 

{(^n+l - rn,Xr„^^ - XrJ}n>l 

is an i.i.d. ensemble under the annealed measure. 

(3) There exists C such that for every n 

P(r2 - Ti = n) < CP(ri = n), 
and for every y G Z"^ 

nXr,-Xr,=y)<CnXr,=V)- 

(4) There exists C such that for every n, 

P(3fc<,, s.t. \\Xk\\ >n) <e-^"\ 

The main technical statement in this paper is the fohowing proposition. 

Proposition 2.2 For any j > 0, if the dimension d is greater than or equal 
to 4, and¥ satisfies condition (T^) in one of the 2d principle directions, then 
for every a < d and every u large enough, 

P(ti >u)< exp(-(logti)") . (2.1) 

We now show how to prove Theorem 11.51 assuming Proposition 12.21 The 
rest of the paper will be dedicated to the proof of Proposition 12.21 

Proof of Theorem \1.4\ assuming Proposition \2.2[ Theorem 11.41 follows from 
Proposition 12.21 exactly the same way ballisticity is proved in [IT] and |10j . 

□ 

Proof of Theorem \1.5\ assuming Proposition \2.2l Fix a < d. Assume with- 
out loss of generality that (v,ei) > 0. Note that in this case condition (T^) 
holds with respect to the direction ei. For simplicity, in this proof we denote 
X = (x,ei) for every x G W^. Fix a and e as in the statement of Theorem 
[L5l Let p = E(t2 - Ti) and let /3 = E{Xr2 - ^ri)- Let r be such that r < v 
but r > X for every x in the e-neighborhood of a. Then it is sufficient to 
show that for all n large enough, 

P(X„ < rn) < e-('°f^")". (2.2) 

Choose b so that r/v < 6 < 1, and let m = nb/p. 
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Then 



< rn) < P(r^+i > n) + P(X,„^, < rn). (2.3) 
Now, remembering that v = /3/p, 



m 

r 



,<rn)< nXr^+i -Xr,<rn)=F[Y, ^r,+i - X^, < -pm 



\k=l 



Remembering that the sequence {X^^^^ — X-j-f.} is i.i.d. and that -^^r^+i — 
Xrk is positive and its expectation /3 is larger than we get that 

P(X.^^, < rn) < e-^" 

for some constant C. 

We now estimate P(rm+i > n). Let A be the event that rfc+i — < n^^^ 
for all /c = 1, . . . , m and that ri < n^^^. Then 

P(t„+i > n) < P(^^) +P(r„+i > n\A). 

Fix a' between a and d. Then, by part [3] of Theorem 1 2 . 1 1 and Proposition 
12.21 for all n large enough. 

Conditioned on A, the variables Tfc+i — are independent, bounded by n^/^ 
and their expectation is less than p. Then by Azuma's inequality, for n large 
enough, 

P(Wi>n|A) < P(r„+i - n > n - n^/V) 
<expf- (--f\7r^^ ) < exp(-n3/^). 

fohows. 

□ 



3. Preliminaries 

We define i?fe(iV) = [exp((log log iV)*^+i)] , and R{N) = Ri{N). Note 
that Rq{N) = [log A'"] and that for every k, every M and for every large 
enough N, 

R^iN) <Rk+iiN) <N. (3.1) 

We let 

^ := lim (3.2) 

n— >-oo ||A„|| 

be the direction of the speed. Note that the existence of follows from 
even without ballisticity assumption, and is always non-zero. We assume 
without loss of generality that (i?,ei) > 0. Note that, by the results of [9] 
and [10], (r^) holds both in direction ei and in direction 
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Definition 9 For z ^ and G N, we define the basic block of size A'' 
around z to be 

V{z,N):=[xeZ'^ : \{x,ei) - {z,ei)\ < ; \\x - u{z,x)\\^ < NR^iN)} 
where 

u{z,x):=z + ^^-^-^. (3.3) 
The middle third ofV{z,N) is defined to be 
riz,N):=l^xeZ'' : |(a;, ei) - (z, ei)| < ^iV^ \\x - uiz,x)\\^ < ^NR,{N)^ 
We let 

dV{z,N):=[xeZ^\V{z,N) : 3j,ep(,,Ar) s.t. ||a; - y||i = l} , 

and 

d+Viz,N) := {x edV{z,N) : {x,ei) - {z,ei) = N^} . 




Definition 10 The basic lattice of size N is defined to be 

d-i 



Cn := N^'L X 



TL 



The following simple fact will be useful in what follows. 

Lemma 3.1 (1) For every x G iV^Z x U^~^ there exists z G Cn such 
that x G V{z,N). 

(2) Cn can be presented as the disjoint union of^'^ lattices, such that if 
C is one of these lattices then for every zi ^ zi in C, 

r{zi,N)nr{z2,N) = i/>. 
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4. CLT TYPE ESTIMATES 

In this section we derive two clt-type estimates that will be important for 
the proof of the main result. All throughout this section, we assume that 
our RWRE model satisfies the following requirements: 

(1) There exists 7 > such that holds. 

(2) The RWRE is uniformly elliptic. 

(3) The dimension d is at least 4. 

We begin with some preliminary estimates in subsections 14. II and 14. 2^ and 
then prove CLT type estimates in subsections 14.31 and 14.41 

4.1. Regeneration radii. Let X*^^) := max{||Xt - Xo|| : < t < n}, 
and forn > 1 let := max{||Xt - || : < t < r„}. 

The following lemma appears in |10j . 

Lemma 4.1 Let 7 > and assume that condition [T^) holds. Then there 
exist C and c such that for every L and n = 1, 2, . . 

> L) < Ce-^^\ (4.1) 

for every n. 

We call the radius of the n-th regeneration. Recall that R{N) = 

R-^(N) = [e(i°gi°g^)'] = [(log7V)i°g'°s^]. Let ^7v({^n}) be the event that 
the radii of the first N regenerations are all smaller than R{N), namely 

<i?(iV)}. (4.2) 

Then, by Lemma l4.lt 

F{AN{{Xn})) > 1 - C7Are-^^(^^^ = 1 - TV-^^^). (4.3) 

4.2. Derivatives of the annealed exit distribution. In this subsection 
we show the following result on the annealed exit distribution from a block. 
The proof is standard and straightforward using regenerations. 

Lemma 4.2 Assume the assumptions U\{B from Page fTOi Fix z € Z"^ and 

N, and let z\ G V{z,N). Let be an RWRE starting at z\, and let 

u := ^Tgp(2 jv)- Then, for large enough N, 

(1) P^i(ti ^ d+V{z,N)) < e-^5(^) + F{A%) = N-^'^^\ where An is as 
defined in (|42]l . 

(2) For every x in d^V{z,N), 

p^i(n = x) < CN^-'^ 

(3) For every x and y in d^V{z, N) s.t. \\x — y\\i = 1, 

\F'^{u = x) -¥^^{u = y)\ <CN-'^ 



SLOWDOWN FOR RWRE 11 

(4) Let {X^} he an RWRE starting at zi + ei, and let u' := 
Then for every x in d~^V{z, N), 

|p^i (u = x) - P"i+"i (u' = x)\< CN-'^ 

(5) For every x, y and w in d^'P{z, N) s.t. \\x — y||i = 1 and w — y = 
y-x, 

|p^i(n = x) +P^i(u = w)- 2P^i(n = y)\< CN^'^-^ 

(6) For every x, y and w and a in d^V{z, N) s.t. there exist i ^ j such 
that X — y = w — v = ei and x — w = y — o = ej, 

|p^i(n = x) +P^i(n = o)-F''{u = y) -P^i(n = w)\ < CN^'^-^ 

Proof. To prove part ([T|), we need to show that 

F"^{u i d+V{z,N)\AN) < e-^5(^) 

To this end, note that conditioned on Ajy, the regenerations are independent 
and are ah bounded by R{N). For k = 1,...,N we now estimate the 
difference between E^i (X^-^^ | ^at) and E''^{Xr^). Let Ek = X^^ - Xrf^_^ with 
Hi = Xr^. Remember that P^i(^^) = N~^^'^\ For a given A;, 

< P"i(.4^)E^i(||Sfc||) + h¥''^{X*^^^ =h) 

h>R{N) 

< ¥''{A%)E''{\\Ek\\)+ Yl he-'''' = N-^^'\ 

h>R(N) 

Therefore, for every k = 1, . . . , N , 

\\W'{Ek\AN)-E'H^k)\\ 
< ||E^i(Sfc-lA^)-E^i(Sfc)ll + ||E^HSfcl^7v)-IE'HSfe- 1^^)11 

<E^i(||Hfc||-lA^) + E^^{\\Ek\\\AM)F^^{A%) = N-^(^l 

Therefore \\W^{Xr^ |^Ar)-E^i(X^J|| = iV-«(i), again for every k = l,...,N. 
Now, using Azuma's inequahty, 

Xr,-E'^{XrJAN)\\o. > -NR5{N) 



¥'^{u^ d^r{z,N)\AN) < Y^'' 

k=l 

< df expfz^:^!M(^^<e-^. 



4 



V 2kR'^{N) J 



for N large enough. 

To prove Parts ([2]), ([3]), dH), ^ and ^ we need the following standard 
claim. 
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Claim 4.3 Let {Yi}"?^^ be d- dimensional independent random variables, 
with joint distribution P, such that \Yn}n>2 are identically distributed and 
such that there exists v E Z'^ such that P(l2 = v) > and P{Y2 = v+Ci) > 
for i = l,...,d. Let Sn = X^ILi^*- Then there exists C < oo which is 
determined by the distributions of Yi and I2 such that for every n and every 
X, y and w s.t. \\x — y\\i = 1 and w — y = y — x, 

P{Sn = x)<Cn^, (4.4) 

\P{Sn = x)-V{Sn = y)\<Cn^ (4.5) 

and 

\P{Sn = x)+V{Sn = w)-2-p{Sn=y)\<Cn=^. (4.6) 

In addition, for every x, y and w and a s.t. there exist i ^ j such that 
X — y = w — v = ei and x — w = y — o = ej, 

\P{Sn = X)+ P{Sn = O) - P{Sn = y) - P(5n = w)\ < Cn^ (4.7) 

We now use Claim 14.31 We will prove it later. For k and / in N, we let 
B{l,k) be the event that (X^-^jCi) = I, we let B{1) = UkB{l,k) and we let 
B{1) be the event 

B{l):=B{l)n f] B%j). 
j=i+i 

In addition, we define Zi = Xti- Then, for x and y s.t. \\x — y\\i = 1 and 
(x,ei) = (y,ei) = I, 

¥^^{Zi = x\B{l)) - ¥'^{Zi = y\B{l)) 
= ¥'^{Zi=x\B{l))-¥'^{Zi=y\B{l)) 

= ^ y" {Xr, = x) - P^^ (X^, =y). 

P^i(S(/))^ ^ ' \ 

Let 

M = r, ^ TT- 

E-i [{Xr,-Xr„e,)] 

For X and y satisfying (x,ei) = {y,ei) = I and — y|| = 1, and for /c G N, 
we now estimate 

\F'^{X^,=x)-F^^{X^^=y)\. 

We consider two different cases: k > M and k < M. Assume first that 
k>M. Then either {Xr^,^^^,el) < 1/2 or {X^, - Xr[,/2j,ei) < 1/2. So 

iP^H^r, =x)-P^H^r, =y)| 

< F^^{Xr,=x; (X.j,/,,,ei)<Z/2) 

-F^^{Xr,=y; (X.,,/,j,ei)<V2) (4.8) 
+ P^H^r, =^;(X., -X.[,/,j,ei)<V2) 

- P^n^r, =y;(X,, -X.[,/„,ei) <//2). (4.9) 
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We now estimate ()4.8p . ()4.9|) is estimated the same way. 
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P^H^r, = X ; (X.[,/„,ei) < Z/2) -P^H^r, = y ; (^r[,/,j,ei) < 1/2) 

io:(io,ei)<«/2 



< Ck^ P^l(X^| 



lfc/2] 



If 



«):(to,ei)<//2 



CA;^P^H(^r[,/„,ei)<//2) 



(4.10) 



Where the inequahty fohows from (j4.5p . 

With a similar calculation for A; < M, we get that 



|p^i(^z = ^I^(O) - P'H^i = y\B{i)) 

M 



k=l 

oo 



fc=M 



(4.11) 



Prom Lemma [4. II we learn that X*^"'^ has (in particular) a finite 2d moment, 
and from standard estimates on sums of i.i.d. variables (namely that the 2d 
moment of the sum of k i.i.d. mean zero variables grows like 0{k'^)), we get 
that for < M 



H(^.„/,j,ei)>V2)< 



mm 



k'^ 



{M -k) 



2d 



and for k > M 



P^i((X.j,/,,,ei) <//2) <min 



1,C 



k" 



(k-M) 



2d 



mm 



1,C 



{M -k) 



2d 
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Combining this with ()4.1ip we get that 



''{Zi = xm))-¥'^{Zi = y\B{l)) 



< 



-l-d 

2 min 



1,C 



-l-d 

2 min 



l,C 



1,C 



k=l 

oo 

+ c^E^ 

< C A; 2 min 

fc=i 

Af-[Mi/2] 

+ c Yl ^ ' 

fc=[M/2]+l 
Af+ [A/1/2] 

E -l-d 
k 2 min 

fc=M-[Mi/2]+i 
oo 

fc=M+[A/i/2]+i 

< cr2. 



(M - 



{k - Mf'^ 
k'^ 

{M -kY'^_ 
k'^ 



2 mm 



1,C 



(M - A;)2°'_ 



-l-d 

k 2 min 



1,C 



(M - /c)2'i 

k'^ 



(4.12) 
(4.13) 

(4.14) 

(4.15) 
(4.16) 

To see the inequahty ()4.16p . we bound each of the four sums (|4.12p - (j4.15p 
by Cl~2. For the expression in (I4.12|) . we note that we have 0{l) summands, 
each of which is bounded by 0{l~'^), so the sum is bounded by 0(/i-'^). The 
expression in ()4.13p is (up to a constant) bounded by 



(k-M) 



2d 



M-VM 



M/2 



M/2 



The expression in (j4.14p contains 0(\//) summands, each of which is 0{l 2 ), 

so the sum is 0{l~^). The expression in ()4.15p is taken care of the similarly 
to the one in ()4.13p — it is bounded by a constant times the integral 

2M , , 



x'^(x - My'^'^dx 



M+VM 



x"^ {x - My'^'^dx + / x"^ (x - M) 



M+VM 

< CM— 



2M 



M 



y-^^dy + C 



-2d 



dy = 0{r 



M 



where we substituted, for both integrals, y = x — M. 
Let Hi = {w : {w, ei) = I}. Now, 



P^i(^, = x) = ^ P^i(S(/)) Yj {^Tt 
1<N'^ w&Hi 



W 



B{1) ) P^Mn = X B{1) ; Xt^ 
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and, using shift invariance and the fact that we condition on the occurrence 
of a regeneration at /, for y = x + (j 7^ 1), 



P^i(u = y)= Y F^H^(O) Yl {^Ti =w + e.j ^(/)) F'' 
Noting that due to shift invariance, 



u = X 



B{1) 



u = X 



B{1) ; Xt,=w]=1 



we get that 



< 



F''^ {B{1)) max P^^ [Xt,=w + e,- 



|p^i(n = x) 
B{l))-F^- (Xt, 



w 



B{1) 



and breaking the last sum to / < ^ and / > then controlhng the 
former using Lemma 14.11 and the latter using (I4.16P , we get part ([3]) of 
the lemma. Part ([2]) follows from the exact same calculations using (j4.4p . 
Part (jH) follows from (14. 5p similarly. To see Parts ([5]) and ([6]), we run the 
same calculation with one main difference: When we do the calculation 
equivalent to KW\\ . instead of ([45]), we use (|M]) (for Part (P) or (jl^I) (for 
Part dll)). We then get a factor of A;~2~ instead of (this is because 

the inequalities (|4.6p and (j4.7p give this extra factor of \/k) , and we continue 
to carry this factor of ^/k all the way through. 

□ 



Proof of Claim \4-S\ The proof is a standard Fourier calculation, and there- 
fore we do not give complete details. By the assumptions, the characteris- 
tic function x of ^2 has period 2tt in every coordinate. In addition, since 
F{Y2 = v) > and P(l2 = v + Ci) > for i = 1, . . . , d, we get that there 
exists D > and 6 > such that 

(1) \x{x)\ < 1 — -D for every x G [— 7r,7r]'^ such that ||x|| > 6, and 

(2) |x(2;)| < 1 — Dllxp for every x such that < 6. 

Let 5' = J2k=2^k and let A = {x : \\x\\ < 6}. Now, to see 14.41 we note 
that 

P{S' = z) = — i-. / e-*<^'">x"~H2;)d2; 



— TT.TT 



<[ \x{xT-'^dx < {1- Df'-^ + [ {I- D\\xfy'-'^dx <Cn-'^/^, 



and convolution with the distribution of Yi only decreases the supremum. 
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To see (14. Sp . we see that 



\P{S' = z)-P{S' = z + ei)\ -- ^ 



f^-i{x,z) _ ^-i{x,z+ei)y 



.Id 



Note that |e-*<^'^> - e-*<^''^+^') | < |(x,ei)|. 
Therefore, 



|p(5' = z + ei)-P(5' = ^)| < 7^ / |x(3;)r-'(x,ei)dx 

(27r)'* 7[-7r.7r]d 

< (1 -Z))"-i + C / e-^"l'^l''(x,ei)dx, 

and substituting y = x^Jn we get dx = n~'^l'^dy and (x,ei) = n~^/^(y, ei), 
so the last integral is bounded by 



Jy/nA 

< Cn-"'^-^/^ I e-''\\y\\\y,ei)dy = 0(n^). 

To see (gS}, we note that |e-*<^'^+^i) + e-*<^'^-^i> - 2e-*<^'^>| < (x,ei)2 
for every z G TL'^. Then, 

|P(S' = z + ei) + P(5' = z - ei) - 2P(5' = z)| 

< (l-D)"-i + C7/ e-^"ll^ll'(x,ei)2(ix, 

and again substituting y = x^fn^ we still get that dx = rT'^l'^dy but this 
time (x, ei)^ = n'^^iy^ ei)^. Therefore, this time the last integral is bounded 
by 



/ e~^\\yr{y,ei)^dy 

< Cn-"'^-^ [ e-''\\y\\\y,eifdy = 0(n^). 
The way to see (j4.7p is similar - this time what we need to notice is that 

jg-i(x,2> _^-i{x,z+ei) _^-i{x,z+e2) _^ g-i(a',^+ei+e2> | < (x, d) • (x, 62) and that 

when we substitute y = ^Jnx we get (x, e\) ■ (x, 62) = n^^{y, ei) • {y, 62). □ 

Lemma 4.4 Assume the assumptions UWM from Page fTOl iei {^n} 
RWRE starting at the origin. Let be the (annealed) covariance matrix of 
— Xj-^ , and let U be the expectation of X^^ — X-j-^^ . Let S be the inverse 
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matrix ofa"^. Let U - ^y.._,g^^^^^^^ 
such that for every x £ d~^V{0, N), if 

{x-Uf^{x-U) < 

then 



¥,{XTg^,r. .,^)• Fix a > 0. There exists a constant c 



{U,ei) 



c) > cN 



1— dg— 3a 



'SP(0,JV) 

Proof. The proof is very similar to that of Lemma 14.21 but shghtly simpler. 
We continue to use the notations B{l,k), B{1) and B{1). Let 5 = 5[a) be a 
small number. By the local limit Theorem (see, e.g. [5]), for I > and 

every y G 1^(0, N) such that (y,ei) = I, 

F{Zi = y ■ B{1, k)) > (27r/5)-H-i (^e-^y-UkV^iy-Uk)/2k _ -^^^ 

where /3 is the determinant of o"^. 
Fix / = iV2 and let M - 



jjj^. Then, using (grT]), for x £ (9+P(0,iV), 
x) > F{Zn2 = x; B{N^)) 

r{Z^2=x;B{N'',k)) 



jx-Uk)^ S(x-Uk) 



> 



k=\M-'/M'\ 



k=\M-y/M'\ 



> 



> cN^-'^e- 



3a 



□ 



4.3. Quenched exit estimates. Li this subsection we show that with very 
high probability the quenched exit distribution from a basic block is similar 
to the annealed one. This is the only part of the paper that requires the 
high dimension assumption. 

The goal of this subsection is the following proposition: 

Proposition 4.5 Assume the assumptions [7H3 from Page \1(A Fix < 
e < 1. There exists an event G{N) = G{e,N) C Q such that P{G{N)) = 
1 - Ar-C{i) ^1^^^ ^ g G{N), 

(1) For every z e P(0,iV), 

(2) For every z eV{0,N), 



av(o,N) 



av(o,N) 



< RsiN). 



(4.18) 
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(3) For every z € V{0,N) and every (d — 1 dimensional) cube Q C 
d+V{0,N) of size length [N^], 



pz 



' 973(0, iV) 



(4.19) 



From Proposition 14.51 we get the following corollary: 

Corollary 4.6 Assume the assumptions from Page fTOi Fix 6 < 1/2 

and let G{N) be as in Proposition \4-5\ Let u G G{N), and let z E V{0,N). 
Let D = D(u},z) be the quenched exit distribution from V^OjN), and let 
D = D{uj, z) be D conditioned on 9^'P(0, N). Let D = B(z) be the annealed 
exit distribution, and let D be the annealed exit distribution conditioned on 
d+ViO,N). Then 

(1) D{d+V{0, N)) = l- A^-«(i) . 

(2) If X ^ D, then it can be written as X = Y + Z , where \\Z\\ < 
{d + l)N^ a.s. and y ~ (D + D2), where D2 is a signed measure 
such that 

(a) ||L>2|| := Ex \D2{x)\ < A = N'^W) . 

(b) E.^2(X)=0. 
(C) Ex^^2(x)=0. 

(d) Ex 1-^2(2^)1 Ik — -E'bIIi < AA^^, where Ef^, a vector in W^, is the 
expectation of the probability distribution B. 

Proof of Corollary Part [1] is trivial, and therefore we will prove Part 
[2j Partition 9+7^(0, A^) into disjoint cubes Qi,Q2, ■ ■ ■ Qn of side- length A^^. 
We get n = i?5(iV)'^"^A^('^"^)(^"'') such cubes. For every 1 < k < n, 

\D{Qk) - B(Q,)| < Ar(^-i)('^-i)-K^) . 

We define Y' as follows: For every k, we take Y' to be in whenever 
X £ Qk- Conditioned on the event Y' G Q^, we take Y' to be independent 
of X, with 

P(y' = x\Y'e Q.) - 



B(Qfc) 

for every x £ Q^- Then clearly ||X — y'|| < dN*^. 

Therefore, \\E{Y')-E{X)\\ < dN^ . By \\E{X)-Ef^\\ < R^{N) and 

thus ||i?(y') — SjjII < (d+l)A'"^. Then there exists a variable C/, independent 
of Y' and X, such that \\U\\ <{d + l)iV^ + 1 and E{Y' + U) = E^. Define 
Y = Y' + U . Then Parts [2b] and [2c] are immediate. 

To see Part [2al we first note that 



P(y = x)= ^ P(C/ = n)P(y' 

u:\\u\\<{d+l)NO+l 
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Therefore, 

^|p(y = x) -]D)(x)| 



X 



= X — u) — ]Q){x)\. (4.20) 

m: ||M||<(d+l)JV'' + l ^ 

By Part [3] of Lemma 14.2^ for every x and every u such that < (d + 
1)A^^ + 1, 

\B{x - n) - B(x)| < C{d + 1)N^ ■ N'"^ = C{d + l)N^-'^. 
Therefore, with D2 as defined in Part [2] of the corohary, 
Y,\D2{x)\ = ^|P(y = x)-B(x)| 

X X 

< Y,{\P{Y' = x)-B{x)\+C{d+l)N^-'^) 

X 

= (^mQk)-HQk)\^ +R,{Nf-^N''~'.C{d+l)N'-'' 



R5{N)'^-^ (^C{d+1)N^-^ + N'^iy^)^ <Rt 



To see Part I2dl note that ||a; — -EgUi < dNR^{N) for every x in the 
support of D2- Therefore, 

X X 

□ 

Corollary 14.61 can be formulated slightly differently in the language of 
couplings. We need a definition. 

Definition 11 For two probability measures /ii and ^2 on Z'^, and for 
A < 1 and A; € N we say that ^2 is (A, k)-close to if there exists a joint 
distribution ("couphng") fj, of three random variables, Z\, Z2 and Zq such 
that 

(1) Zi ~ fii and Z2 ~ /i2- 

(2) fi{Zi / Zo) < A. 

(3) ^l{\\Zo-Z2\\ <k) = i. 

(4) Ex = x)- fi{Zo = x)] = E^iZi) - E^{Zo) = 0. 

(5) Ex 1/^(^1 = ^) - f^iZo = x)\\\x - E^{Zi)\\l < Avar(Zi) 
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Using Definition [TTl Part [2] of Corollary 14.61 can be formulated as saying 

that if w G G{N), then D is {N~''^^,{d + l)iV^)-close to D. (We need 
to see that the variance of a B distributed variable is at least at the order 
of magnitude of A^^. This follows, e.g, from the annealed lower bound in 
Lemma 14. 4[) 

The following claim is immediate and useful. 

Claim 4.7 In the language of Definition\Tl[ the distribution of Zq is (A,0)- 
close to fii. 

We now proceed to proving Proposition 14.51 We start with a version of 
Azuma's inequality. Let {Mf.}^^-^ be a zero mean martingale with respect 
to a filtration {J-^k}k=i sample space Q. For simplicity we denote 

Mo = and Tq = {0, n}. for A: = 1, . . . , n, let Dk = - Mfc_i. Define 

f/fc = esssup(|Z)fe| I Tk-i) = hm [S(|Z)fe|P| ^ 

and we define the essential variance of the martingale to be 

U := esssup [/|^ . 

Lemma 4.8 For every K , 

P(|M„| > K)< le"^. 

Proof. The proof is similar to that of Azuma's inequality: First we show 
that for every k, 

E < el™&.^^l-^^-i). (4.21) 

Indeed, for k = n (j4.2ip is clear, and assuming (j4.2ip for A; + 1, we get 



^ g|esssup(E"=fe+iC/j'l^fe-i)E (e^^-|J-fc_i) < e^^'^^^^PCSi^^+i^'l-^^-Oeif^fe 

= g|esssup(E7.,C/^l^fe-i)_ 

For A; = this gives us that 

E(e*^") <e5^ 

and that for every A, 



Using Markov's inequality once with A = and once with A = — gives 
the desired result. □ 
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Next we discuss the intersection structure of two independent walks in 
the same environment. 

Lemma 4.9 Assume the assumptions UWM from Page \10l Let X^^^ := 
{Xn^} and X^'^^ := {Xn^} be two independent random walks running in the 
same environment uj. Let [X^*^] be the set of points visited by {X^''}. Then 
there exists C such that for every n, 



E 



n [x(2)J nv{o,N)\ >ni2f(iv)} n^jv(^^^^)n^jv(^^^^))" 



< e 



-Cn 



Proof. Let A; > be such that k + Ri{N) < N. Then from the definition of 
the event A]\[, for a random walk X = 



\{x : X £[X]; k < {x,ei) < k + Ri{N)}\ < 2'^Rf{N). (4.22 



For every k, let = V{0,N) n {x : {x,ei) < kRi{N)} and = 
V{0,N) n{x : {x,ei) > kRi{N)}. In addition, let An = An{X^'^^) n 
Ai\i(^X^'^^Y Using Propositions 3.1, 3.4 and 3.7 of [Ij, as well as uniform 
ellipticity, and, again, recalling the definition of A]\f, we see that there exists 
p > such that for every k 



E 



P. 



n x(2) 



nQ 



An. 



nQ- 

(4.23) 

Remark: As stated in [Ij, Propositions 3.1, 3.4 and 3.7 of [Ij require 
moment assumptions on the regeneration times. Nevertheless, examining 
their proofs, all they need are moment assumptions on the number of sites 
visited before ri, and these moment assumptions are satisfied by Lemma 

El 

Now, let 



> P- 



j(even) ^ |^ . ^ ^^^^ 



X 



(1) 



n 



X 



(2) 



and 



j(odd) ^ 1^ . ^ Ix^i)] p 1x^2)'] n Q+ n Q^^i / 0}. 



Then, by (g^S]), conditioned on An, both j(even) j(odd) ^^.^ ^^j^^j, 
nated by a geometric variable with parameter p. 

The lemma now follows when we remember that by (j4.22p . 



n 



nViO,N) < 2^flf(iV)(j(even) ^ j(odd)) 



□ 



As a corollary we get the following estimate: 
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Lemma 4.10 Assume the assumptions from Page fiOl With the same 
notation as in Lemma \4-S{ 



P 



00 



np(o,7V) 



'■Ajv(X(i))nAiv(X(2)) 



> R2{N) 

(4.24) 



Let J{N) C 17 be the event that for every starting point z in the middle 
third of the block, 



M]v(X(i))nAAr(X(2)) 



< R2iN). 



nr{o,N) 

Then, by Lemma [HUl PiJi^)) = 1 - N'^W . 

Fix z G P{0, N). For every w and x e V{0, N), we let 

ii'^(a;,x) := P^{x € [X] and Ajv({X„})) 

be the hitting probability of x. Then for u G J{N) 

{H^{u^,x)f<R2{N). 

Lemma 4.11 Assume the assumptionsUW^lfrom Paae[TU There exists an 
event K{N) C such that P{K{N)) = 1 - iV-€(i) and for every oj G K{N) 
and z £ P{0,N), 



(4.25) 



E^ 



av(o,N) 



av(o,N) 



< R3{N). 



(4.26) 



Proof. Define 

U{uj,z) : = 



Ef: 



lyljv ■ ■'■ra-p(o,]v)— ra+-p(o,]v) 



(4.27) 



'-av{o,N) 

'-aV(O.N) ' '^^N ""-'8'P(0,]V)=-'s+-p(o,]V) I 

It is sufficient to show that for a large enough set of uj-s, 

U{oj,z) < Rf+^{N). 

(|4.27|) is sufficient, because for a set M of environments of measure 1 — 
N^^'^^\ for every w G M we have that P^{TQ'p{Q^jq) = 7a+p(o,A'))) = N~^^^\ 
Since HXj-gp^g ||oo < CA^^, on every w G M the contribution of the event 

{T&P{o,n) / Td+v(<d,N))} to the expectation of ^Tgpfo.jv, is bounded by 1. 

To show (|4.27|) . we order the vertices in P(0, N) lexicographically, xi,X2, . . ., 
with the first coordinate being the most significant. Let J-n be the a- 
algebra on the sample space {J{N) C VL,P{-\J{N))) which is determined by 
^\x^,...,xn s-iid Ist {Mfc} be the martingale 



E 



Xt. 



av(o,N) 



1a. 



-'-Tap(o,iv)-T'9+p(o^^) 



Next we calculate esssup(Mfc — Mk-i\J^k-i)- The argument is similar to 
the one used in [1], which is based on ideas from [2\. Let 

B{x) := {y : {y, d) = {x, d) - 1 and ||y - x|| < RfiN)}. 
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Note that if x is visited and holds, then the first visit to the layer 
H{x):={y : {y,ei) = {x,ei) - 1} 

is in B{x). 
Therefore, 

Uk = esssup(Mfc - Mk-i\Tu-i) < R\N)P{xk G [X] \ Tk-i) 
< R\N) ^ P(^T,,.,) = y I ^k-i) = R\N) p.{Xt„,.,, = y) 

< rHn) PUy^m), 

(4.28) 

where the first inequality follows from the fact that the regeneration con- 
taining Xk is of size no more than R'^{N), and after this regeneration the 
distribution of the walk is the annealed distribution. Remembering that 
\Bixk)\ < 2'^R'^{N) and that every y is in B{x) for at most 2'^R^{N) points 

X, 



k=l k=l 



2 



< 2''Rl{N)R\N)Y E PUy^mf 

k=lyeB{xk) 

< 2^'^Rf{N)R^{N) Y ^^(^' y) ^ 2?'^Rf{N)R^{N) ■ R2{N) < Rf+'^{N). 



yGV{0,N) 



Therefore, by Lemma 14.81 

P (^u: : U{u) > Rf+'^{N) I J{N)^ < 2e 2<+^iv) = Ar-€(i). 
KTl} fohows. 

□ 

We now estimate the quenched exit distribution from 1^(0, N). Fix a 
starting point for the walk z £ 1^(0, N). We start with the following lemma. 
Recall that for every k, we define to be the hyper-plain Hk = {v £ 'Z'^ : 
{v,ei) = k}. 



(4.29) 



Lemma 4.12 Assume the assumptions from Paae[TU Fix < 6 < 1. 

2^ 



Let B^{N) CQ be the event that for every ^N"^ < M < N'^ and every (d-l 
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dimensional) cube Q of side length which is contained in Hm, 
{Xt,, (^Q; An)-^ (Xt„ G Q ; An)\ < N^'-'^^^-'l 
then for e> 



Proof of Lemma \4A^ Fix 9, and let ^ < 9' < 9. Let 

V=[N^'']. 

Fix fiV^ < < ;^2_ Let V E Hm+v, and let G be the cr-algebra that 
determined by the configuration on 

^^^(0, AT) = p(0, N)r\{x : {x, ei) < M}. 
We are interested in the quantity 

j(^'\v) = E[PUXT,,^,=v;AM)\g]. 



IS 




Figure 3. The quantity J^'^^^ {v) is the probabiUty of hitting 
the point v, conditioned on the environment in the shaded 
area, and averaged over the environment elsewhere. 



Similar to the proof of Lemma 14.111 we let {xj}"^^ be a lexicographic 
ordering of the vertices in V^^ {0, N), and let {J-i} be the u-algebra on J{N) 
which is determined by u\x-i^,...,Xi- 

We consider the martingale Mj = E[P^{Xtj^j_^^ = v; An) • In order 
to use Lemma [4.81 we will need to bound Ui = esssup(Mj — Mj_i | 
Remember that Xi is the vertex s.t. cox^ is measurable with respect to J-^ 
but not with respect to J-i-i- Then we claim that 

U^ < CR{N)E[P^{x^ is hit ) | y-"^/^. (4.30) 

We now show the main estimate ()4.30p . Let cj' be an environment that agrees 
with uj everywhere except, possibly, Xj. We let P be the distribution of a 
walk that follows the law uj on {xk : k < i} and the annealed distribution 
on Tj'^ \ {xfc : k < i}. Equivalently, let P' be the distribution of a walk 
that follows the law uj' on {x^ : k < i} and the annealed distribution on 
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\ {xk : k < i}. More precisely, for an event B C (Z'^)^ on the space of 
possible paths for the walk, 

P{B) = P{B X n\co,„. . . ,co,r,AN), 
and equivalently for P'. Then 

U, < sup \P\Xt,,^^ =v)- V{Xt,,^^ =v)l (4.31) 

where the supremum is taken over all environments uj' that agree with u 
on \ {xj}. Note that conditioned on the event that xi is not visited, the 
distributions P and P' are the same. Now, for both measures P and P', 
condition on the event that Xi is visited. Let u be the first regeneration 
point after Xj. Then P and P' a.s, \\u — Xi\\i < dR{N). This follows from 
the conditioning on A^- Therefore, from Parts [3] and H] of Lemma 14.21 we 
get that 

\P{Xt^,+^ = v\xi is visited) - P"H^Tm+v = ^)l < Ci?(iV)y-'^/2 

and 

\P'{Xt^^^ = v\xi is visited) - P"'(Xt^+^ = v)\ < CR{N)V-'''^ 
Therefore, 

U^ < CR{N)V-^/^F{xi is visited). 

(|4:30]1 fol lows. 

Using (]4.30p . conditioned on J{N), and based on the same calculation as 
in (j4:28]l and K29\i . 

n 

U = esssup(y^ C/f) 

i=l 

< R^{N)V-'^. 

Therefore, by Lemma 14.81 for every v € Hm+v find every number 5, 

p {\e[p^{Xt,,^^ = v)-Am \Q] - nxn,^^ = v-An)\>5) 

< 2P{J{NY) + 2e 2fl«wv-d 

^ I l-d 

In particular, \i 5 = jN^~''' = jV~'^/'^V^ , with r/ = — > 0, then we get 
that 

p[\E[P^{XT,,^^=v-AM)\g] -nXTM+^=v-AM)\>\N^-''^ =Ar-«(i) 
and 

P {\E[P^{Xt,,^, = v)\g] - nXTM^y = v)\ > ^N^-''^ < P{u : P^(A^) > ^N^-'') 
+P (\E[PUXt,,^^ =v;Am) \g] - nXn,+y =v;An)\> \n^-A = N-^^'\ 
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Let T{N) be the event that 

\e[puxt,,+, = v) \g] - n^TM+v = v)\< 

for every fiV^ < M < and every v £ Hm+v n V{f),2N). Then 
P{T{N)) = 1 - N-^W_ Now consider w G T(iV), and fix fiV^ < M < iV^ 
and a cube Q of side length which is contained in Hm- 
We want to estimate 

L{Q) = {Xt,, G Q ; ^iv) - {Xt,, G Q ; ^iv)| • (4.32) 

Let c(Q) be the center of the cube Q, and let c'{Q) = c{Q) + Vj^^^- 
Then we let 

Q(i) ={ve Hv+M : \\v - c'(Q)||oo < ^(0.9)^/^iV''} 

and 

q(2) = g /f^,^^, : _ c'(g)||^ < i(Ll)V'iAre}. 
Then by simple annealed estimates, 

P^(^Tv+M e Q^'^) < ip'(^tm e Q) + (4.33) 

P"(^Tv+M e Q(')) > P^(Xtm g Q) - iV-«(^\ (4.34) 

E[P^{Xt,.^,, G Q(i))|g] < P^^(Xt,, G Q) + iV'«i), (4.35) 

and 

i?[P,^(XT,-^,, G Q(2))|g] > P^^(Xt,, G Q) - iV-«(i). (4.36) 

From the definition of r(iV) and ()i33]) . (Oil) . (05]) and (fCTD . it follows 
that T{N) C 5^(iV). 

Therefore, P{B\N)) > P{T{N)) = 1 - iV^«(i). 

□ 

Using Lemma 14.121 as a building block, we can get a similar yet weaker 
result for every choice of 9. 

Lemma 4.13 Assume the assumptions [J\\3\ from Page [77^ For every < 
9 < 1 and h let B^^'^\N) be the event that for every z G V{0,N), every 
^iV^ < M < N"^ and every cube Q of side length which is contained in 
Hm, 

P^ {Xt,, eQ; An)< i?^(iV)iV(^-i)('^-i). (4.37) 
Then for every < 6* < 1 there exists h = h{9) such that P{B^^''^\N)) = 

1 - iv-e(i) 
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Proof. We prove the lemma by descending induction on 6. From Lemma 
Km P{B('^^^\N)) = 1 - iV-?(i) for every 1 > 6* > For the induction 
step, fix 9 and assume that the statement of the lemma holds for some 9' 
such that 9 > ^9', and let h' = h{9'). We write p = 9/9'. Let a be the 
natural shift of Z*^. Let 

L = ^(^'i)(iV)n Pi a,{B^'^'^^'\[NP]))r\T{N,p), 

Z<=:V{0,2N) 

where 

T{N,p) = Wen: y,ev(o,N) , ^ d+V{v, [NP])) < e-^^W}. 

Clearly, P{L) = 1 - N-^W_ Therefore, all we need to show is that for 
some h and all large enough, we have that L C B^^''^\N). To this end 
we fix Ci; G -L, fix z, fix ^N"^ < M < N"^ and fix a cube Q of side length 
in V{^,N) n Hm- Let x be the center of Q, let V = [NPf and let 
x' = x-V ^ 



Since 

zeP{0,2A') 

we get that for every v G Hm-v, 

PZ{Xtm e Q) < = Rh'{N)N^'^-P'^^'^-^\ (4.38) 

We Remember that by the Markov property and the fact that uj G r(A^, p), 

g Q) = ^ P:.{Xn,.y = v)p:{Xt,, g Q) + iv-^(i) 

v(iHM-vr(P{x'\NP]) 

(4.39) 

Now, i^A/-y n V{x', [NP]) is the union of 2'^-^ R^iN)'^-^ < Rq{N) cubes 
of side length NP. 

Since lo G B^P'^\N), we get that for every cube Q' of side length A^^ that 
is contained in Hm-v H ^(0, A^), 

P!>iXT,,_^ G QO < i?i(iV)iV(''-i)(^-i). (4.40) 

Combining (OHI) . (I09I1 and (lOOll . we get that 

P'.{Xt,, G Q) 

< RQ{N)Rh'{N)N^^-P^^'^~'^^ ■ Ri{N)N^P-^^^'^-^^ + iV-«(i) 

< i?;,(Af)Af(^-i)(^-i) 
for /i = max(6, h') + 1. 

□ 

Next we prove a lemma which significantly strengthens the previous lemma. 
For the proof of this lemma we will use Lemma [4.13l and a more careful treat- 
ment of the proof technique of Lemma I4.12[ We start with the following 
preliminary lemma: 
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Lemma 4.14 Assume the assumptions from Page [70l Let Q he the 
a-algebra generated by {uj{z) : {z,ei) < N'^}. Let r] > 0, let V = [N^] and 
let B{N, V) be the event that for every z G V{0,N) and every v E -ffjv2+y> 



\g] -f'[xt^ 



l_Ar-C(i). 



Then P{B{N, V)) 

Proof. Let v E ff^2_|_y and let ^ > be such that 9 < ^rj. Let K be an 
integer such that 2~^N^ > V > 2~^~^iV^, and for 1 < A; < K we define 

-p(fc) ^ -p^Q^ N)n{x : 2-^-'^N'^ <N'^- {x, ei) < 2"^Af2}. 
In addition we take 

-piK) ^ -p^Q^ N)n{x : < iV^ - {x, ei) < 

and 

p(o) = p(0, N)n{x : < - {x, d)}. 

In addition, we define 

F{v) = {x eV{0,N) : \\x -u{v,x)\\ <\{v -x,ei)\^/^R2{N)}, 
where u{v, x) is as in ()3.3p . Then, for < A; < -fC, we define 

and 

V^'^Hv) = {y : 3^epW(,) s.t. H^; - y|| < R2iN)}. 
Note that C 



Figure 4. The darker areas are V^^\v) for different values 
of k. The environment in the light-gray area has negligible 
influence on the prohahility of hitting v. 



Condition on the event B^^''^^ with h such that by Lemma[4T3]P(i?(^''*)] 
For < k < K and oj E B^^'^\ we want to estimate 
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v{k) = E^^^ n np('=)(i;) 



For A; = 0, 



^(0) < E^^^ n [^(2)] np(o,iV)j < R2{n). 



For A; > 0, 



V{k) = is visited)]' 

3;g7'(fe)(^) 



< 



a:ePW(i-) \_y:\\y~x\\<R(N) 

ye-p(fe)(^) 

< i22(iV) ^ ii/,(iV)iV2(i-e)(i-d) (4^41) 
j/e73{fc)(„) 



where the inequahty (j4.4ip follows from the fact that uj G B^^'^\N). 

As before, we now use the same filtration {J-t} as in the proof of Lemma 
I4.1H and consider the martingale Mi = E\P^{Xt^2 ^ = ^! ^Af)|-^i]- 
Again, in order to use Lemma [4.8| we need to bound Ui = esssup(|Mj — 
Mi_i| I -Fj-i). Let X be s.t. (jJx is measurable with respect to Ti but not with 
respect to Ti^\. Then JJi = A^~?(i) if a; ^ Pk^\ while if j; G E{v), then 



Ui < R{n)E[P^{x is hit ) I Fi^i]D{N'^ + V - {x, d)) 



where D{n) is the maximal first derivative of the annealed distribution at 
distance n. By Lemma D{N^ + V - {x,ei)) < CN''^2^i for x G V'^^'^v). 
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Therefore, 

U = esssup(y~^ Uf) 

i 

K 

1) 



fc=0 

< CRh+i{N)N-^'' 

+ Ci?,,+i(iV)iV2(i^±i+(i-e)(i-d))-2d^2'='^-fci^ ^^-5(1) 

k=l 

< CRh+i{N) + N^~M+2{d-i)e^Ki^ 

< CiV2-2dy-itLL+e 

for small enough e. 

Therefore, using Lemma 14.8^ with probability 1 — A^^^'-^^ 



E[P^{Xt^,^^ =v;A^) \g] - P[Xt^,^,. = v ; A^] 



A simple union bound coupled with the fact that F{A]\f) = N ^^^^ com- 
pletes the proof of the lemma. 

□ 

Lemma 4.15 Assume the assumptions from Paae[TU. For every < 
6 < 1 let D^^\N) C 17 6e the event that for every z € V{0,N) and every 
cube Q of side length which is contained in d^V{0, N), 

n (^Ta,,o,.) ^q)-^' (^t,,(o..) e Q )| < N^'-'^^'-'^-^U) . 

(4.42) 

Then P{D^'^\N)) = 1 - iV-«(i) 



Proof. Take U <e' <d andV 



Then by Lemma 14.141 we know 



that P[B{N,V)) = 1 - Af"^(i). As before, all we need to show is that 
B{N,V) C D^^\N). The way we do this will be completely identical to the 
last step of the proof of Lemma r4.12[ Let u G B{N, V), and let Q be a cube 
of side length which is contained in d~^V{0, N). Let x be the center of 
Q, and let x' = x + Vj^^j^- 

Let Q^^^ and Q^^^ be d — 1 dimensional cubes that are contained in H^2j^y 
and are centered in x', such that the side length of Q'^^^ is A'^^ — R^{N)y/V 
and the side length of Q^^) is iV^ + R^{N)^/V . 
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Then, on B{N, V), for i = l,2 

(4.43) 

In addition, exactly as in the proof of Lemma 14.121 



JV2 



-5(1) 



(4.44) 



P'(^W2 e Q^'^) > P'(^T^2 G Q) - (4-45) 



and 



Therefore, for u G B{N, V), 



(4.46) 



(4.47) 



< (|q(i)| + IqWDatI-V"^ + C(|Q(2)| _ |Q(i)|)Ari-'^ + iy-Cd) 
The lemma follows from the choice of V. 



□ 



Proof of Proposition \4-5\ Proposition l4.5l follows from Lemma r4.11l and Lemma 

Km □ 

4.4. Sums of approximate gussians. The purpose of this subsection is 
to prove Lemma [4.161 b elow . Let T>{N) be the annealed distribution starting 
from zero of Xt^^^^ conditioned on 9+7^(0, A^). 

Lemma 4.16 Assume the assumptions {JW3\ from Page [TU Let < A < 1 
and n he so that n < X^^ . Let K he so that N > K > 1. Let h > 5. As- 
sume further that N > K'^ and N > A"^, and that XN > 2KnRh+i{N). Let 
{Xi}^^-^ he random variahles such that for every i, conditioned on Xi, . . . , 
the distrihution of Xi is {X, K)-close to P(A^). 

Let S = J27=i -^i- ^^6^ distribution of S is {XRh+i{N), 2nKRh+i{N))- 
close to T>{N^/n). 

Remark: We need the assumptions[TH3]because they give us some control 
over the distribution T>{N). 

We use the following simple fact, which follows from the decomposition 
of the annealed RWRE into regenerations. 
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Claim 4.17 Assume the assumptions from Page fiOl For j > 1, let 

P^-') be the convolution of T>{N) and V^N^/J^). Let U ~ 'D^^'> . Then U 
can be represented as U = U + U' s.t. [/ ~ T>{Ny/j) and for every k, 

P [\\U'\\ >k) < Ce^^^'' + iV-«(^) (4.48) 

for some constants C and c. In particular, there exists some constant C , 
independent of N and j such that 

\\E{U')\\<E{\\U'\\)<C. (4.49) 

Proof. (I4.49P follows immediately from (j4.48l) (In order to handle the A^~'^(^) 
error, note that U' is bounded by 3NR^{N)), and therefore we shall only 
prove (|4.48p . 

We will define a coupling between a random variable U which is approx- 
imately T)^^^ distributed and a random variable U which is approximately 
'D{N^/j) distributed such that 

P [\\U - U\\ >k^ < Ce-""^^ + 7V'«(i). 

We now construct the coupling. 

We define an ensemble L = {U, T} where U is a positive integer, and T is 
a nearest neighbor path of length U, taking values in and starting at 0. 

Let {L„ = {U„, T„}}^]^ be i.i.d. ensembles, such that Ui is sampled ac- 
cording to the annealed distribution of T2 — ri, and the path Ti is distributed 
according to the annealed distribution of Xr^j^, — Xr^ , run up to time T2 — n 
and conditioned on T2 — ri = Ui . 

Additionally, define Li = {Ui,Ti} and L2 = {U2,T2} to be two inde- 
pendent and identically distributed ensembles s.t. Ui is sampled according 
to the annealed distribution of ti and Ti is distributed according to the 
annealed distribution of X. , run up to time ri and conditioned on ri = Ui . 
In addition, we require independence of Li and L2 and {L„}^]^. 

In other words, Li and L2 are distributed according to the annealed dis- 
tribution of the first regeneration slab, and {L„} are distributed according 
to the annealed distribution of regeneration slabs that are not the first one. 

We now construct paths from the ensembles that we defined. The choice 
of the distribution of the ensembles will guarantee that the paths are dis- 
tributed according to the annealed RWRE distribution. The variables U 
and tl will be taken to be certain hitting locations of these paths, and the 
fact that U and U will be built from the same ensembles will make it easy 
for us to estimate the difference U — U. 

Let = Ti(Ui) + ELiTfc(Ufc), and let Ti = max(/i : {ei,Th) < N^j) 
We take 

U = +TTi+i(min(i : {ei,TT,+i{i) +Tt,) = N^j)). 
Let T2 = max(/i : {ei,Th) < N^ij - 1)), and 

V, = Ft, +Tr,+i(min(i : (ei, Tr,+i(i) + r^,) = N^j - 1))) 
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Let r'„ = T2(U2) + TT2+n - Tt2- Let Tg = max(/i : (ei, T'^^) < N^), and 
V2 = + TT2+r3+i(min(i : (ei, Tt2+t3+i(^) + ^T2+n) = ^^)) 

We now take U = Vi + V2. 

By Lemma [iH and Part[T]of LemmaHiH up to an error of Af-«(i), the vari- 
ables U and U are distributed (respectively) according to T)^^^ and T>{N^/J). 

The difference U — U is bounded by the sums of the radii of the regener- 
ation slabs L2, Lt2' ^'^cl L/i for h between T2 + T-^ and Ti. Lemma l4.ll now 
gives us the desired bound. □ 

We also use the following lemma, which is nothing but a second order 
Taylor expansion. 

Lemma 4.18 Let n he a finite signed measure on , and let / : Z'^ — ?■ M. 
Assume that m, k, J, L inN and g £ Z,'^ are such that 

(1) for every x,y such that x—y ^ {±ei}f^i, we have that \f{x) — f{y)\ < 
m. 

(2) for every x, y, z, w and 1 < i,j < d such that x — y = z — w = ei and 
X — z = y — w = ej, we have that \ f{x) + f{w) — f{y) — f{z)\ < k 
( note that if i = j then this is the discrete pure second derivative, 
and if i ^ j it is the discrete mixed second derivative). 

(3) E.M^) = o. 

(4) < L. 



(5) 
Then 



\x — q\\i\^{x)\ < J. 



X 



IJ.{x)f{x) 



< Lm H — Jk. 
2 



Proof Y^^n{x) = and therefore, fJ'{x)f{x) = Ea;^(^)(/(^) + 
every c. Therefore, without loss of generality we may assume that /(^) = 0. 
Let 5 : R'^ — 7- M be the affine function such that g{Q) = f{Q) = and 
g{Q + Ci) = fio + ei) for i = 1, . . . Then - g{x)\ < ^k\\x - q\\1 for 
X G Z'^. Note also that since ExA*!^) ~ 0, we get that Ez(^ ~ Q)t^{^) = 
Ex^m(^) ^''^d thus II Ex(^ ~ i?)/^(^)|| < Therefore, 



^Kx)fix) -^fiix)g{a 



< 



Y,Hx)\\fix)-gix) 



< -Jk. 
- 2 



In addition. 



^fi{x)g{x] 



9 ^{x- q)Kx) 



< Lm. 



The lemma follows. 



□ 



Proof of Lemma \4-i6\ For k = 1, . . . , n, conditioned on Xi, . . . , the 
distribution of Xf^ is (A,i^)-close to T){N). Therefore there exist variables 
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{^fc}fc=i> playing the role of Zq in Definition [Til such that for every k, 
conditioned on Xi, Yi, . . . , Xk~i,Yk-i, the fohowing hold: 

(1) EJp(n. = x)-p(iv)(x)i <A. 

(2) P{\\Yk-Xk\\<K) = l. 

(3) E{Yk) = Er,iN)- 

(4) \P{Yk = x)- V{N){x)\\\x - EviN)\\l < XN\ 

What we need to show is that there exists a random variable Y' such that 

(1) |P(^' = x)- V{^N){x)\ < XRh+i{N). 

(2) P(||y' - S\\ < 2nKRh+i{N)) = 1. 

(3) E{Y') = E^^^^^y 

(4) \ny' = x)- V{^N){x)\\\x - < AniV2i?,+i(iV). 
To this end, we let 



S^^^ = ^Y,. 

k=j 

First we will show using descending induction, that conditioned on Xi, . . . , Xj-i, 
we can represent S^^^ as S'(j') = yOO + such that < {n-j)Rh{N) 

a.s. and y ~ {'D{NyJn — j + 1) + -02^'') where is a signed measure 
such that \\D^^\\ < A(j) with A^") = A and A^^) < A^^+i) + ^A • R^iN) for 
i < n. 

For j = n the statement clearly holds, with Z^") = 0. We now assume 
that the statement holds for j + 1, and prove it for j. 

Let P be the joint distribution of Yj and y^-'^^) conditioned on Xi , . . . , Xj-i. 
Let H = Y + yO+i). For each z, 



p{H = z) = Y^p{Yj = x)p(y 



z — x\Yj = x^ 



Let V^^^ be the convolution of V{NyJn — j) and the P distribution of Yj. 
Then 



^\P{H = z)-V^^\z)\ 

p(y(i+i) 



2 X 



x,y 



< esssup \\D2 



(i+i)i 



; — x\Yj = x) — 'D{N n — j){z — x) 
P(y0+i) = y\Y, =x)- V{N^J^j){y) 
\. (4.50) 
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As in Claim let P^-') be the convolution ofV^N) and I){N^/n^). 
Then for given z, by Lemma 14.181 and Parts [5] and [6] of Lemma 14.2^ 

= ^P(7Vv^n-i)(x)(P(y^- = z-x)- V{N){z - x)) 

X 

< XN"^ ■ N-'^-^{n- j)^ = XN^-'^{n- j)"^. (4.51) 

Note that for z such that \\z - E^^.^ ||i > i?5(iV)iV(n - both 
and are bounded by 

exp (- ( t_Emh.V I Ar2('^-i)(n-jy-i^ < e'^^W. (4.52) 



From ()4.50ll . ()4.5ip and (14.520 . we get that the distribution of i7 can be 
presented as f)^^^ + T)')^^ such that 

P^^'^ll < \\D^t^\\^\{N)R^{N){n-2Y^. 

By Claim H.171 and again conditioned on Xi, Yi, . . . , there 
exists Z'(j) such that P(Z'(j)) > RhiN)) < exp{-Rh-i{N)), and the dis- 
tribution of + Z'{j) is V{N^/n-j + 1)(J) + Z)J'^. 

Let 

^(j)=i7 + Z'(j).lp,y)ll<^,^(^). 
Then the distribution of H{j) is V{N^n-j + !)(■'') + l)^^^ with 

< II^J'^II +exp(-i?^_i(iV)) < ||Z)J'+')|| + 2A(A^)i?5(A^)(n- j)"'- 
We let 

Z(^-) = Z(^-+1) + Z'(j)-I|,^,(,.)ll<^,(^), 
and y^-') = - Z^^). Then we get that \\Z^^^\\ < (n - j)RhiN) and 
the distribution of Y^^^ is 'D{N^n- j + 1) + Z)^^'') where Z)^^^ is a signed 
measure such that ||i?2"'^|| < A^-^^ with 

AO-) < + ^^^A. 

n- j 

We calculate the expectation of y^^^: 

s(y(i)) = z;(5(^)) - z;(zW) = nz;(yi) - z;(zW) = nz;25(^) - ^(zW). 

Therefore, again by Claim [¥.171 

\\E{Y^'^) - E^^^^^W < Cn + nRH{N) < nRh+i{N) 

As in the proof of Corollary 14. 61 we can find a variable U which is indepen- 
dent of all of the variables we have seen so far, such that \\U\\ < nRh-\-i{N)+l 
almost surely and E{U) = Ej^,^^^^ - E{Y^^'i). 

We define Y' = Y^^) + U. By the same calculation as in (j4.20p . we get 
that y satisfies Parts [H [2] and El 
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Thus, all that is left is to show that Y' also satisfies Part HI To this end, 
Let D2 be the signed measure such that Y' ~ {V{'\/nN) + D2). 
We are interested in 

Y,\D2{x)\\\x 

~ Ev{y/nN)\\l- 

X 

As a first step, we estimate 



var(i:'2,«) := (2, 6^)^1)2(2) 

z 

for a unit vector a with i ^ 1. 

For x,y, z G Z'^, we write x, y, z for their projection on the ej axis. 

Let Ty be a random variable distributed according to 'D{^\/nN\ By Claim 
14.17^ there exists another random variable W such that W ~ 'DiNY'^ 
(p(Ar)*« is the n-fold convolution of V{N)) and P(||M^ - W'\ > nk) < 
Cnexp(—ck~^) for every k. 

By the definition of Y', we know that U' = Y' - 5^^) satisfies \\U'\\ < 
2nRh+i{N). 

In addition note that cov(Y^-, Yk) = for j / k, and that for every j, 

\va.r {{Yj, a)) - var2,(Ar)(x)| 
= ^{x - Ej,^^)iz))\P{Y, =x)- V{N){x)) 

X 

< Y^ix - Ej,(^N){z))^\P{Y, =x)- V{N){x)\ < XN\ 

X 

Therefore, 



var 



((5«,e,)) -var((Py',e,)) = E {{S^'\ e,f) - E {{W , e,f) 



< ^ |var((yj,ei)) - varx,(Ar)(x)| < AniV^. 
Now, 



(4.53) 



var 



((y',e,))-var((5«,e,)) 
var(5W +[/',ei) -var(5(^),ei 



< 2esssup(||C/'||)yvar(5W) + esssup(||?7'||)2 

< 2Cn^/^Rh+i{N)N + n^Rl^^{N) <3Cn'^/^Rh+i{N)N, (4.54) 



and 
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var 



{{W,e,)) -va.r{{W',ei))\ 



< N^n^P{\\W -W'W >nR5{N)) + 2nii5(Af) Vvar(W^ + 2n2i?5(iV)2 

< Cn^/'^R^{N)N. (4.55) 



Prom (033]), (|i3^ and ([13^ and the fact that E{Y') = E{W), we get 
that 



|var(L>2,^)| = Y.^x,ei)^{V[^N)[x)-V{Y' = x)) 

X 

= \E{{W,e^f)-E{{Y\eif)\ 
= |var((VF,ei)) -var((y',ei))| 



(4.56) 



We now decompose the measure D2 into its positive and negative parts 



D2 and D2 ■ We need to bound 



X 

We know that 



Dt + Y.{x-E 



'V{y/nN)) ^2 ■ 



- -Ei,(^^))2l>+(x) - ^(i - ^c(v^iV))^^2 (a^) 



5^x2Z?2+(x)-^x2D-(a 



|var(Z)2,i)| < 2AniV2. (4.57) 



In addition, note that D2 {x) < V{^/nN){x) for all x, and therefore 

D^^x) < e,-i^-ET,(V^N)?/CnN-^Ri{N) ^ 

Combined with the fact that ||-D2^|| < II-D2II ^ ^Rh{^)^ we get that 

- EnV^N)fD2 < R2iN)Rh{N)XnN^. (4.58) 

X 

Thus, by (|i371) and (ji38|) we get that 

^(X - Ejy^^^-^f + ^(X - Ejy^^^^)"^ D2 

X X 

< 2 ^(x - ^i,(^^))^I?2~ + I - Ev(^N)fD+ - ^(x - ^i,(^^)) 

a; XX 

< CRhR2{N){N)XnN^. 
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Therefore, 



= {d-l)Y,Y.(x-E^^^^^,e,f\D2ix)\ < id-lfRhiN)R2iN)XnN^ 

1=2 X 

< Rh+iiN)XnN\ 

Part d follows. 

□ 

5. Reduction to quenched return probabilities 

5.1. Basic calculations. In this subsection we repeat a calculation from 
[S]. Our main goal is to control the probability of the event ri > u. to this 

d - 



end, we take L 



(log u) 



and notice that 



P(ri >u)< P(ri > Tl) + F{Tl > u) < e^^^^s")^ + F{Tl > u), 
where the last inequality follows from (j4.ip . Let := [—L, L] x [—L'^,L'^]'^^^. 
Then, again by gU, P(Tl TobJ < e-('°§")^ and thus it is sufficient to 
show that 

¥{T9B^ >u)< C7e-^('°g")'' 
for appropriate constants C and c. 

On the event {Tqbj^ > u}, there exists a point x G Bi that is visited more 
than 1^2] times before the walk leaves Bl- Therefore, it is sufficient to show 
that 

P (^.eB^ s.t. rf^ < ToB,^ < Ce-^(i°s")", (5.1) 

where is defined to be the hitting time of x. Let G C O be an event. 
Then, 

s.t. < Tqb^ < P(G^)+sup 3,^^^ s.t. tJ^ < Tqb 

J weG V 

and 



U^^B^ S.t. T^^' < ToB,) < f^-''""' < '^dB,) 

P^ in < TeB,) P^ (tI^^'' < TaB,) < Y P^i^^^'' <^dB,) 



Note that due to the strong Markov property, 

PS frj^"' < ToB,) = [PS (T. < T9B,)]^^-' 
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and therefore (15. ip will follow if we find an event G such that P{C) < 
ig-Ciogf)" g^j^d for some e > 0, every uj G G and every x, 

P^{T9B,<T,)>u'~\ (5.2) 
In turn, we may replace (j5.2p by 

PS {TdB,,i.) < T,) > u'~\ (5.3) 

where B2l{x) is the cube of the same dimensions as B2L1 centered at x. 
The choice of B2l{x) is slightly more convenient than because now the 
condition is translation invariant with respect to the choice of x. 

5.2. Definition of the event G. We now define the event G, and show 
that P(G'=) < ie-('°s")". In Sections El [7] and [8] we will show that (|53]) 
holds for every u G G. 
Let e > be so that 



Fix ^p > so that 
and X > so that 



2de<d- a. (5.4) 

^ < T • WTTy ^'-'^ 

We say that a basic block V{z, N) is good with respect to the environment 
uj if the assertion of proposition 14.51 holds for every block of size at least A^-^ 
that is contained in V{z, N), with 9 = ip/2. Otherwise, we say that V{z, N) 
is bad. We define our scales Ni, . . . as follows: 

(1) iVi := \L^] 

(2) We define = f + f • 

(3) Nk+i := Nk ■ \LP>'^ 

(4) i is defined to be the largest k s.t. < 2L. 

For every k = 1,. . . ,l, we let B2L{k) be the set of all z £ Cn^, such 
that V{z,Nk) n B2L / 0- We now define the event G: We say that the 
environment w is in G if for every k = 1, . . . , t, 

\{z £ B2L{k) : V{z,Nk) is not good w.r.t. < (logu)"+' (5.7) 

Lemma 5.1 For u large enough, P{G) > 1 — ie~^'°s"^". 

Proof. Let 

Jk •= |{^ £ B2L{k) : V{z,Nk) is not good w.r.t. \ . 
First we note that 



p{G')<Y^p[j,>{iogur^ 



k=l 
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and i is bounded. Now by Proposition 14.51 and Corollary 14. 6t for given k 

and z G B2L{k), 



Pk := P{V{z,Nk) is not good) = N'^ 



O \B2L 



-1 



Q'\ /gd\ 

By Lemma 13. H we can present as Jfc = + . . . + , and 

jf) ~Bin(pfc,I)fc) 

with D)^ < \B2l\- Thus for u large enough, jj^^ is binomial with expected 
value which is less than 1. Therefore, again assuming that u is large enough, 

(logu)"+^^ 



P 



< exp 



Therefore, 



(h) 

k 



(logii 



,k=l h=l 



-{\oguY 



□ 



6. The auxiliary walk 

Fix an environment uj £ G. In this section we define a new random walk 
{1^} on the environment to, whose law is different from that of the quenched 
random walk on u. However, we show an obvious relation between 

the laws of {Yn} and that we will exploit in sections [7] and [8] in order 

to prove (j5.3p . 

We first give an informal description of the random walk {1^} in Sub- 
section 16. H then define it properly in Subsection 16. 2^ and then collect some 
useful facts about it in Subsection 16.31 

6.1. Informal description of {^n}. {Yn} is a quenched random walk on 
u, which is forced to "behave well" in a number of different ways, which we 
list below. 

(1) Once the walk {Yn} reached the center of certain basic blocks, it is 
only allowed to exit them through their right boundaries. 

(2) If the walk is in a bad block, then once it exists the block, it is forced 
to make a number of steps on the right boundary of the block that 
will force the eventual exit distribution to be similar to the annealed 
distribution. We use Lemma 14.161 to control the number of forced 
steps that are needed. When the walk exits a good basic block, no 
such correction is necessary, because the distribution is already close 
enough to the annealed. 
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(3) Upon leaving the origin the walk is forced to make a number of steps 
to the right. This together with part ([T]) makes sure that {Yn} leaves 
B2L before returning to the origin. 

The resulting random walk {Yn} is a random walk that, most of the time, 
behaves locally similarly to the quenched random walk, but behaves globally 
similarly to the annealed random walk. We will quantify and then use those 
similarities in order to control the behavior of the quenched walk. 

6.2. Definition of {i^}. The process {Yn} is a nearest neighbor random 
walk, which starts at and stops when it reaches d^B2L- Below we describe 
its law. 

We first need some preliminary definitions. 

For every j = 1, 2, . . . and every A; = 1, 2, . . . , i, we let Uk{j) be the layer 
Uk{j) = H^^2 = {x : (x,ei) =jiV|}. 

We define (j) = inf{n : Yn £ UkU)}. 

For every x G B2L, and for every k, we define z{x,k) as follows: if (x,ei) 
is divisible by iV|, then z{x, k) is a point z £ Cn^^ such that {x, ei) = {z, ei) 
and X G V{z,Nk). If more than one such point exists, then we choose one 
according to some arbitrary rule. If {x,ei) is not divisible by N^, then we 
take z{x, k) to be 0. 

For X G B2L, and for every k, we define p(^)(x) =V{z{x,k),Nk). 

For every x £ B2L, we define 

k{x) = max{A; < l : {x, ei) = {z{x, k), ei) and V{z{x, k), Ni^) is good}, 

(6.1) 

and k{x) = if no such k exists. 

In addition, for a random variable X, a distribution V and a number A < 
1, we define a (A, P)-companion of X as follows: Let z/ be the distribution of 
X, and let K be the smallest number such that z/ is (A, i^)-close to D . Let /x 
be an arbitrarily chosen coupling of three variables Zq, Zi, Z2 demonstrating, 
as in Definition [TTl that v is (A, fc)-close to P. The roles of the variables 
Zq, Zi, Z2 are exactly as in Definition [TTJ In particular, Zi ~ P and Z2 ~ i^. 
We say that a variable y is a (A, P)-companion of X if the joint distribution 
of X and Y is the same as the /i-joint distribution of Z2 and Zq. For every 
X, A and 2? we can construct such companion: For every x, on the event 
{X = x}, we sample Y according to the /^-distribution of Zq conditioned 
on the event {Z2 = x}. Similarly, we can define the (A, 2?)-companion of X 
conditioned on a c-algebra J-": We work with the conditional distribution 
of X given instead of the (unconditional) distribution, and proceed as 
before. Note that ||y — X|| < K and that by Claim [421 the distribution of 
Y is (A, 0)-close to V. 

We now simultaneously define the walk {1^}, its accompanying sequence 
of times {Cm}) and random variables f3kj- The precise definition of the 
variables {Pkj} is postponed to the end of the subsection. However, we 
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make the following comment on {Pkj} at this point: For every j and k, a.s. 
Wk,j,ei) = 0. 

For j < Nf, we define Yj = jei. In addition, Co = and Ci = -^i • 

Given Cq, . . . ,(n and {Yi : £ = 0, . . . , (n}, we define x' = y^„. Let 
k' be the largest k such that x' S Uk{j) for some j. Then we let x = 
^' + Ylk=i (^k,j{k)i where j{k) is the value of j such that x' € Uk{j)- We let 
K = — x||i + 2 and choose {Yi^^, . . . , to be a shortest path from 

x' to X. We then take y^^^+K-i = x + ei and y^^+K = x. Let Cn = Cn + '^• 

Let /c = If /i:(x) > then {y^ : i = . . . , is chosen to be 

a random walk starting at x on the random environment uj conditioned on 
the event {TQp(k)(^^j = 7a+p(fe)(a;)} and Cn+i = TQ+^(k)(^^y Conditioned on oj, 
C4 and X, the path {Y^ : £ = Cn; • • • ; chosen independently of the 

path prior to Cn ^■^d of {/3A,.j(fc) : A; and j are such that jW| < (x,ei)}. If 

= then Cn+i = Cn+^i ^iid for Cn < J ^ Cn+i, we take Yj = x+{j — Cn)^i- 

We define = y^,^ and Xn = Yi^/^. Note that for every n, both (xn,ei) 
and (x^,ei) are divisible by A''^ (remember that {(5k,j-,ei) = 0). 

All that is now left is to define f3k,j- is simply defined to be the 

(0, P(A^i))-companion of the (deterministic) variable Y^2. 

For Pkj for other values of k and we first list some conditions under 
which /3fc,j is zero. 

(1) If there exist no n such that Cn = {j ~ 1) then I3k,j = 0. 

(2) Otherwise, let n be such that Cn = ij — 1)) and let x = y^^. If 
V^^^x) is good, then /3fcj = 0. 

Now assume that neither one of conditions [IH2] holds. For k = 1, . . . , t let 

Afc = L-^i?5+fc(L). 

We define f3k,j recursively - we use the values of {13k', j' ■ ^' < k,j' = jjfr} 

k' 

in the definition of (3k,j- 

Let X = y^, where as before n us such that Cn = U ~ !)> and for 
k' < k let j{k') be the unique value satisfying Uk'{i{k')) = Uk{j)- 

Let 

k~l 

^ = " ^ + ^k',j{k') 

k'=l 

Recall the definition of T>[N) from Page [311 Then T>{Nk) is the annealed 
distribution of ^Tk{j) ~ ^ ^ walk starting at x, conditioned on exiting 
V{x,Nk) through the front. 

We now take Z to be an (arbitrarily chosen) (A^, P(A'^fe))-companion of 
X, conditioned on {Y^ : i = 1, . . . , C^} and to, and let /3k j = Z — X. 

Thus we defined the process {Yn}- 

Remark 1. Note that in our definition, if Pkj 7^ then the distribution of 
Z = X + f3kj is (Afc, 0)-close to V{Nk). 
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6.3. Basic properties of {l^n}- We prove a few facts regarding the process 
{Yn} which we will use in Sections [3 and El 

Lemma 6.1 {Yn} reaches dBi before returning to the origin. 

Proof. By the definition, C/i(l) is reached before returning to the origin. 
Then for every n, if X = y^^, thenp(''(^)) (x) is contained in the positive half 
space, and {Yn\ exits V'^^'^^^\x) through d'^V^^\x). Therefore {Yn} cannot 
return to the origin. □ 

Lemma 6.2 For every k and j, with probability 1, 

< L^'^ (6.2) 

Proof. For k = 1, the size of the block V{0,Ni) is less than L^"^, and there- 
fore for every j, we have that Pij < L'^^. 

Now assume that A: > 1. In this case, we assume that there exists n 
such that (n = {j — 1), because otherwise /3fcj = 0. Let i be such that 

UkU - 1) = Uk-i{i). 

Let X = Y(^r^. If V^^\x) is good, then 13k j = 0. Therefore we may assume 
that V'^^\x) is not good. In this case there exist no = n,ni,n2,n3, . . . ,nm 
such that m satisfies that Uk{j) = Uk-i{i + rn) and for /i = 0, 1, . . . , m, we 
have that Cn^ = T^-ii^ + 

For 1 < /i < m, let = Yc> -Yc> , and let Xm = Yr -Yc> -3k i- 
We now claim that for every 1 < h < m, conditioned on Xi, . . . , Xh-i, the 
distribution ofXh is (Afc_i, ivJ^^)-close to V{Nk-i). Indeed, if (y^^.,) 
is good, then this claim follows from Corollarv 14.61 Otherwise, as in Remark 
dl the distribution of X^ is (A^^i, 0)-close to V{Nk-i) (and in particular 

{\k-i,NtLl)-c\ose to P(iVfe-i)). 

Therefore, by Lemma 14.161 the distribution of 

fc— 1 m 
k'=l h=l 

is {Xk,Rk+6{L)N^llN^/Nl_^)-close to V{Nk). Therefore we get that with 
probability 1, 

o ^ ,rV/2 Rk+&{L)Nl 4^ 

Pfcj < iV^_i T72 <L'^. 

^^k-l 

□ 

Lemma 6.3 For j and k, if there exists n such that Xn G Uk{j), then at 
least one of the following holds: 

(1) There exist j' such that Uk{j) = U^{j'), 

(2) There exists k' and f such that Uk{j) = Uk'{j') and Xn-i G Uk'{j' — 
1) and Xn-i is contained in a block V{z,Nk>+i) s.t. z G C^y^-^ CLud 
V{z, Nk'+i) is not good. 
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(3) orj<[^y 



Proof. Assume that S Uk{j)- Let k' = k{xn-i)- If A:' = then case (2) 
holds. Assume k' > 0. Then the mtersection of Uk{j) and d~^V^'''\xn-i) is 
not empty. Therefore, by the definition of k{x), we get that there is some 
/ such that Uk{j) = Uk'{j') and Xn-i G Uk>{j' — 1), and that one of the 
following occurs: 

(1) k' = I. 

(2) There exists z G Cn^^^ such that {z^ei) = (x„_i,ei), and'P^'^ 
is not good. 

(3) No z G C,Ny_^-^ exists with {z,ei) = (x„_i,ei). 

In cases [Hand [21 the lemma holds. Thus we assume that the case that occurs 
is[3 



In this case, there exists n' < n — 1 such that ei) = A'^^, 



+1 



^ 

fe'+i 



N. 



Xn-1 is in 'P^^''^^\xn')- If 'P^'''~^^\xn') is not good, then Xn-i is contained 
in a block T'{z, Ni^/^i) s.t. z G ^A^fcz+i ^(-ZjA'fc'+i) is not good. If 
'p(^'+i)(2;^,) is good and {xn',ei) ^ then Cn'+i is the exit time from 
-pik +'^)(^Xn'), which stands in contradiction to the assumptions. If ei) = 
0, thenj< (^)'. 

□ 

We now let M be the number of stopping times Cn in the definition of 

{Yn}. 

Lemma 6.4 Let [Y] be the set of points visited by {Yn}- For every k = 
1, . . . ,L, let 

Qk{{Yn}) = i^{zGCN, : [Y]nV{z,Nk)^(l> andV{z,Nk) isbad}. 
Then 

M < ^ + l2>^ ^ Qk{{Yn}) + iL^^ <L'^-(i + 2 + J2 Qk{{Yn})) ■ 

' k=l \ k=l / 

Proof. This follows from Lemma 16.31 There are at most stopping times 
that are caused by reaching the end of a N,^ block, lL"^^ stopping times that 
are caused by the beginning and at most Ylk=i Qk{{Yn}) stopping times 
that are caused by visiting blocks that are not good. □ 

We now draw the connection between the walks {Yn} and {Xn}- 

Lemma 6.5 Let v = {vi,V2, ■ ■ ■ v^^) (Ny is the length of the path v) be a 
nearest-neighbor path starting at the origin, never returning to the origin, 
and ending at d^B^. For every k = 1, . . . , l, let 

Qkiv) = #{zei:Nu : i; n Viz, Nk) + and V{z, Nk) is bad } . 
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and let Q{v) = L^x . + 2 + Qk{v)). Then 

{Xj = Vj for all j < N^) ^ 1 q(„).(l4^+2) on 
Pu. {Yj = Vj for allj<N^) - 2' ' ^ ' ^ 

where r] is the ellipticity constant, as in (jl.ip . 

Proof. First note that due to uniform ellipticity, 

P^ {Xj = Vj for all i < A^^,) > 

for every v. Therefore without loss of generality we can restrict ourselves to 
considering only v-s such that 

P^ {Yj = Vj for all j < N^) > 0. 

For such V, we define the sequences of times Cn and Cn in a fashion that is 
very similar to the definition in the construction of ^-process: Co = Co = 
and Ci = ^1 • Given Co, • • • , Cn and Co> • • ■ , C^-i, let x'^ = v^^. Let C'n 
be the smallest I > Qn such that (f£_i,ei) > (x'„,ei), and let Xn = vc_i^. 
Let k = k{xn)- If A; > 0, then we let Cn+i = ^a+p('=)(a;„)('^)- Otherwise, 

Cn+l=C'n + Nl 

Then, 

P^ (Yj = Vj for all j < N^) 
< II (^^ ^ ; ^ = 1' • • • ' Cn+i - Cnl^ap('=)(x„) = ^a+P(fe)(x„) 

n:fc(x„)>0 

and 

P^^ (Xj = Vj for all j < A', 

> n (-'^^ = '^i+c^ ; ^ = 1, • • • , Cn+i - Cnl^ap('=)(x„) = 

n:/c(x„)>0 

n:fc(x,i)>0 

n n:k{x„)=0 

The first inequality follows from the fact that inside the good blocks {1^} 
performs quenched random walk on the environment uj. For the second 
inequality, the first term and (j6.4p count the probability of all steps in the 
good blocks. In addition, at each stopping time, the process {^n} has to 
walk from to x„, and when k{xn) = it also needs to traverse through 
an A'^i block. In (j6.5p we bound the probability of all of these steps by 
ellipticity. 

By Proposition 14. 5| the product in (|6.4p is no less than a half. By the 
definitions of k{x) and Pk,j^ by Lemma |6.2|, and by uniform ellipticity with 
constant r/, the product in (|6.5p is bounded below by 
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Therefore, 

{Xj = Vj for all j <Ny) ^ 1 Q(„).(i4^+2) 
{Yj = Vj for all j < N^) - 2^ 

□ 

For k and j, we define T'^ {j) as follows: If there exists n such that 
Cn = Tj(j), then Tf (j) = Otherwise, = T^{j). 

Lemma 6.6 Conditioned on {Yi : i < Tj^ {j — 1)}, the distribution of 
^n^U) ~ ^n^U--^) (A.,2L^'^)-dose to V{Nk). 

Proof. We look into two different cases: If T^^^^ {XtQ' [j-i)) is good, then 
it follows from Corollary 14.61 Otherwise, it follows from the definition of 

h,r □ 

From Lemma 16.61 we get the following useful corollary. 

Corollary 6.7 Assume that u is large enough. Condition on {Yi : i < 
Tiy{j — 1)}, and let Y = Yrp,Y(j_i) + 'K{Xt j)- For every x G Uk{j) such 

that \\x - Y\\ < 4Nk, 

^-(11 VO') -^\\<^k\Ye : e< Tf (j -l))>p (6.6) 
for some constant p > 0. 

Proof. By Lemma the quenched distribution of Yj,rY(^j-^ — ^^^^(j.i) con- 
ditioned on the history of the walk is (A^, 2L^'^)-close to the annealed distri- 
bution T>{Nk). Therefore, 

<M^t-- (j-1)) > V{Nk){y : \\y-x\\ < ^)-\. 

By Lemma [4.4l D(Nig){y : \\y — x\\ < ^) is bounded away from zero. On the 
other hand, goes to zero as L goes to infinity. The corollary follows. □ 

Lemma 6.8 Conditioned on {Yi : £ < T^X {j — 1)}, the (quenched) proba- 
bility that {y£}£>T^y(j_i) exits 

'^^^^O^n^ii-i)) through d+V^''\Yj^^Y ^j_^)) is 

Proof. We denote by E the event whose probability we are trying to esti- 
mate. If V^^'' {YrpiY is good, then the lemma follows by the definition of 

a good block. Therefore we may assume that '^^'^^^^^(j-i)) is a bad block. 
In this case we prove the lemma using induction on k. For k = 1 this follows 
immediately from the definition of the auxiliary walk on bad A'^i blocks. 
Now assume k > 1. We assume that the lemma holds for (h) for 

every h. (if the block V'^^~'^'^ {Yt'^^ -^{h-i)) i^ good, then we already proved it. 
If the block is bad then this is the induction hypothesis). 
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Let I be such that lN^_i = {j-l)Nl, and let m be such that {l+m)N'^_-^^ = 
For /i = 1, . . . , m, let 

Let A be the event that for every h = l,...,m, the walk {Yi} leaves 
V^''^^^ (YrplY through its front. Then by the induction hypothesis, 

P. {A\Ye ■£ = 1, . . . ,rf (j - 1)) = 1 - 
Now, 

P^{E'^\Ye ; £ = l,...,rf (i-1)) 

< ^ = i,...,rf (i-1)) 

+ {E^\A ; ; £ = 1, . . . , rf (j - 1)) , (6.7) 

and 



P.., 



< Pu, 



3l</i<m 
h 



y,:£=l,...,7X''(i-l) 



Y 



A, 



< 



h=l 



2 



1? 



A, 



y,:^ = i,...,rf (i-1) 



(6.8) 



It is sufficient to show that for every h, the probability in (16. Sp is L 
Fix h. Conditioned on A, the variable Ji = !{ — N'^_i (^^^) is bounded by 
2-/Vfc_ii?5(A''fc_i). Furthermore, the quenched expectation of Jj conditioned 
on A, Ji, . . . , Jj_i and ; 1=1,..., Tj}^ {j — 1) is bounded by N^ll (see 

(ISSD). 

Therefore, using the Azuma-Hoffding inequality, we get that 



Pu, E 



A, 

y,:^ = i,...,rf (i-1) 

SNl_^Rl{Nk-i)-{Nk/Nk-l)\ 



< C exp 



< Ci exp (-C2exp ([log(/3i + . . . + pk-i + Pfe) - log(pi + . . . + pfe_i)] [log log L]^)) 

where the last inequality follows from the definition of Nj., the definition of 
Rk{N), and a first order Taylor approximation. □ 
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7. The random direction event 

In this section we consider an event l^^'") which we call the random di- 
rection event. First we construct an event W^^h Then we show that the 
probability that W^^^ occurs is more than u''~2. Then we show some esti- 
mates on the hitting probabilities of the walk conditioned on the occurence 
of W^'^\ In the next section we will show that these estimates are sufficient 
for proving (15. 3p . and thus Theorem 11.51 

7.1. Definition of l^^'"). Let M = [(log u)^"'^] , and for A: = 1, . . . , i let 

£k = E°(Xrap,o^^)|Tap(o,Arj^) = 7a+p(o,Arfe)) be the annealed expectation of 
the point of exit of V{0, A^fc). Let Ai = 1, and for every k > 1, let A/^ be the 
smallest integer number such that A^N'^ > (M -|- ^A;-i)-^fc_i- 
Note that A^ < M. 

For k = 1, . . . ,L and j > A/., we define ]Bfc(j) to be the event that {1^} 
leaves p('=H^T^yo-i)) through 9+p(^)(yr,y(j„i)). 

Fix w G [—1,1]'^""'^. For j > A^ we then define the event wl^^\j) as 
follows: 

wt'\j) = (rT-o-) - - - ^^^^^ - ""^^ - < ^'^y 

Then, 

Ak+M 

wt^= n [^f^(i)nB.(j)], 

and W^'^^ is defined to be the intersection 

k=l 

7.2. The probability of W^"'K In this subsection we bound from below 
the probability of the event W^^K 

Lemma 7.1 (1) There exists some p > such that for 1 < k < l and 

Ak<j<Ak + M, 

P4w!r\j) I Wi^\ Wt% wt\A,+l), Wt'\j-1)MA,+1), . . .,M,{j-l)) > p 

(2) Forl<k<L and Ak < j < Ak + M, 
P:.{Mj) I Wi'"\ wi%wl:'"\Ak+l), wi'"\j-l),BUAk+l), . . . ,Bfc(j-l)) = l-o(l). 

Proof. For Part E Conditioned on W^""^ n . . . n wj^Z\ n wj^""^ (Afc + 1) n . . . n 
- l),Bfc(Afc + 1), . . . ,Bfc(j - 1), we get that 

||iT^y(j_i) - Yrl^iAk) - (i - 1)"^^ - w{j - l)Nk\\ < Nk. 

Therefore, 

W^n^iAk) + wjNk - (^^T^y^-l) + £k)\\ < 4:Nk. 
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By Corollary 16.71 and the definition of Wk{j), we get that 

P.{wlr\j) I Wi^\ Wti wi'"\A,+l), Wl:^\j-1),M,{A,+1), . . . Mj-l)) > p 
as desired. 

Part [2] follows from Lemma 16.81 

□ 

As a result of Lemma [7. II and the choice of M, we get the following lemma: 

Lemma 7.2 The probability ofW^'^^ is bounded from below by u^^^^"^. 

7.3. Hitting probability estimates. In this subsection we bound from 
above the probability, conditioned on W^'^\ of a block to be hit. We begin 
with a simple claim. 

Claim 7.3 Fix k between 1 and i, and let 

Ak + M <j <(^^^ {Au+i + M). 

Let z € n Uk{j)- Then, 

Pu {{Yn}r\V{z,Nk) ^ 0| dw < (logu)(i-'^)(i-2^). (7.1) 

Proof. First note that there exists A^+i < j' < ^jt+i + M and z' £ ^C^n^+i ^ 
Uk+iif) such that V{z,Nk) C V{z',Nk+i). 

Then by the definition of W^^^ (and using the fact that W^"^^ implies 
Bfc+i(j')), the probability 

Pc.({i;}nP(z,iVfc)/0|VF("')) 

is positive only if 

\\z' - MEk - j'£k+i - MwNk - j'wNk+i\\ < Nk+MNk+i) 

and in particular w needs to be in an area of side length which is no more 
than ^''^^MN^''^^'^ ^ M-^L^ and thus the integral in ([71]) is bounded by 

(logu)(l-'^)(l-2^). □ 

Lemma 7.4 Fix k between 1 and l, and let j > Ak + M . Let z £ C^^. D 
Uk{j). Then, 



Pu. {{Yn}r\V{z,Nk) ^^\W^^A dw < (logii)(i-^)(i- 



2e) 



,1]° 

Proof. For j < [^^^^ {Ak+i + M), this follows from Claim [731 If j > 
{Ak+i + M), then there exists k' > k and z' G £jv , such that 
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/ G Uk'if) with 

Ak'+M< f < ' {Ak'+i + M) 

and V{z,Nk) C V{z',Ny). Then by Claim [7?3l apphed to k' we get that 



/ Pu.({Yn}nViz,Nk)^9\W^^Adw 
< [ P^({Yn}nV{z',Nk>)^i^\W^^Adw 

□ 

7.4. Expected number of bad blocks that are visited. Fix k. Let 

V{k) = {z£ Ckr\B2L \ V(z,Nk) is not good}, 

and let 

B{k) = i^{zeV{k) \ {Y,]r\V{z,Nk)^%]. 
We are interested in the distribution of the variable B{k). 

Lemma 7.5 Fix k and co £ G. Then 

[ E^(Bik)\W^'"Adw<3(\ogu)^-'. 

J[-l,l]'i-^ ^ ' 

Proof. Let 

V^^\k)=V{k)n{z : {z,ei) <N^{Ak + M)} 

and 

V^^\k)=V{k)n{z : {z,e^)> N^{Ak+M)}, 
and for i = 1,2 let 

i3« {k) = \[ze P« (k) I {Ye} n iVfe) / } . 

Then {Yi} visits no more than + M elements of D^-^^K), and thus 
B^^\k) <Ak + M< 2(logM)i-^ 

Let z G V^'^^k). Then by Lemma [731 

/ Pu. ({Yr,}nV{z,Nk) / 0| dw < (logn)(i-'^)(i-2^). 

Therefore, using (j5.7p and (j5.4p . we get that 



= (logu)"-"'+l+(2d-l)e < (logu)^-^ 

Combined, we get that 
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/ E^(B{k)\W^'"Adw 

J\-l,l]d-^ ^ ' 



[-1,1] 

[-i,i]rf-i ^ 



-i,i]d-i 

l-e 



E^(B^^\k) W^'^Adw 



< 3(logn 



□ 



8. Proof of main result 
In this section we prove Theorem 11.51 
Proof of Theorem \1.5[ by Lemma 17.51 



/ Ej^Bik) 



W'-'"^ dw < 3i{logu)^- 



Therefore, there exists w such that 



EjY,m 



\fe=i 

We now fix w to be such value. 
Let 



W = W^""^ Pi I Yl ^ 6i(log uf- 



.fc=i 



Then by Markov's inequahty, P^{W) > 0.5P^(H^("')) > ^u^-'^/'^. Note 
that there is a set V of paths, such that 

W = {{Yn}eV}, 

and for every v G V, hy Lemma 16.51 and by (|8.ip and the choice of x and 



{Xj = Vj for all j <N^) ^ 1 (,+2+6.(log«)i-^)L3: 

P^ {Yj = Vj for all j < N.^) ' ' 



Therefore, 



Every path in V reaches d^B^L before returning to 0, and therefore we 
get (j5.3p . from which we get Proposition 12.21 and Theorem 11.51 

□ 
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